Class XI Chapter 13 - Limits and Derivatives

Maths

Exercise 13.2
Question 1:
Find the derivative of x> - 2 at x = 10.
Answer

Let f(x) = x*> - 2. Accordingly,
F(10 +f?}—_,?"{|f.}}

F(10) = lim-
di—slh h
[(mm]ﬁ —z]—(mf—z}
= lim
fr—sll h
102108+ R =2-107 +2
= lim
| Jrl'
. 20h+h°
= lim ———
dpnil I|I'J.
= Li1n{2ﬂ+f?}:{il}+l}}:iﬂ

Thus, the derivative of x> - 2 at x = 10 is 20.

Question 2:
Find the derivative of 99x at x = 100.
Answer

Let f(x) = 99x. Accordingly,
f{lﬂﬂ+h}—f{lﬂﬂ]

7(100) =y 222

. 99(100+/)—-99(100)
=lim :

[ h

99 1004+994 —99 100
= lim

Jr—ll h

. 994

lim—

Jr—+01 h
= lim(99) =99

Thus, the derivative of 99x at x = 100 is 99.

Question 3:

Find the derivative of x at x = 1.
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Answer

Let f(x) = x. Accordingly,
7(1) lim'f{]”}} ()

bl J'j.

1+h)—1
:nm&
Jr—sl) Jli'
:|1'1Ti£

.l|—;|lh

=lim(1)

=0

=1

Thus, the derivative of x at x = 1 is 1.

Find the derivative of the following functions from first principle.
(i) x> =27 (i) (x - 1) (x - 2)

L x+1
(i) X (iv) x-1
Answer

(i) Let f(x) = x> - 27. Accordingly, from the first principle,
_f'[x+h}—l,f'[.r}

Ji‘ {I} N !lI—I’a]]‘!: b
I:fx - h}j - 2?:| - (J:i - 2?}
= lim =
Jp—all I|IF
Cox + N +3xh+ 3k -2
=lim
Jr—all h
W 33 he 3xh”
=lim
Jr=nl) j'-||
=lim(h* +3x" +3xh)

=0+3x" +0=3x’
(i) Let f({x) = (x = 1) (x = 2). Accordingly, from the first principle,
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+h)
£'(x)=lim fx+h)-1f(x)
h rlr T
i (x+h=1)(x+h=2)=(x=1){x-2)
- |}I—Io]r-ll h.
y (.3.'3 +hy—2x+hx+h' - 21"?—J'—h+2]—(:«'3 —2x—x+ 2)
= lim
fp—sil] .Jli"
(m +hx+h -2h- h]
=lim
fr—ill IJ'T
_ 2hx+ht=3h
=lim—
iz —3il) h-
= I|n1[2'r+h—‘-!]
={2_r+f}—3}
=2x-3
. 1}=—«
(iii) Let X" . Accordingly, from the first principle,
lx+h)=f(x
J{J{'T}z!'.llrﬁ-f{‘l jlz f {A)
1 3 1
' ox
— lim (x+h)
h—0 h

0|t (x +h}:

e (x+h)
T i Gt (> }]

| _.1:: —x =k =2hy
=lim— - =
o0 h x(x+h)

1| =k =2hx
=lim—| ——
X (x+h

y
=|i [ —h- ]
1+ﬁ

D"x

.1.‘“{.1.‘ +EI} -"-"'
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x+1

X)j=——

(iv) Let ' x—=1 Accordingly, from the first principle,
(x+h)—fx
()= i T2 )

=il
x+h+l x+1
Hm(r+h—l - x—l]
h—>0 h
_ Hml[[r—l}{.\'+h+1]—{I+1}{x+f1r—1}]
(x—1)(x+h-1)

h—sil _If?

[:.:’+h.r+x—x—f1l—l)—[x’+h_r—:r:+x+h—|)
=0 f [_Y—]}{."L'-I-J'I? —]}

- Iiml_ 2
0 el (x=1){x+h—1)

=Iim[ = }
[ {x—l]{r+h—l}

=2

GG (o1

Question 5:

For the function

flx)

1ot S 2

X X
=—t—t. . +—+x+]
100 99 2

f(1)=1007"(0)

Prove that
Answer

The given function is
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176} ga ™y ]
if(r}=i(“—]+i[r— |++i[v_J+i .r]+i{1}
dx dv! 100 ) dxl 99 | del 2 | dx elx

. (. . :
On using theorem ;—(r ): nx""', we obtain
X

d 100x™  99x™ 2x
flx)= + Font—+1+0
100 0g 2

=x" x4 x+]

LX) =xT T x4

Atx =0,

7'(0)=1

Atx =1,

S)=1"+1" 4+ 1+ =1+ L+ 1] =1x100 =100

thus, /(1) =100x7(0)

Question 6:

T n—1 X nm-2 r—I| ] .
Find the derivative of ¥ +aX +ax ~+..+a X+4a for some fixed real number a.

Answer
Lot J(¥)=x"+ax" "tatx"  ra x+d
. d 3 pa o ,
S x) = +ax" +ax" o +a x+
Sx) ﬂ"‘n{l ax’ +ax a'x+a ]
d i , oo )
_cfx{ }+ﬂd—Y[ ]}+a d—r(ﬁ. ]—I—...-Hr ':{1]1—({ E[l}

. il 0 .
On using theorem nr—_T” =nx""".we obtain
b

F(x)=mx""+a(n-1)x""+a* (n-2)x""+...+a"" +a"(0)

=nx" ' +a(n-0)x""+a’ (n=2)x""+..+a""
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Question 7:

For some constants a and b, find the derivative of

X=da
(i) (x - a) (x - b) (i) (ax® + b)? (iii)) *—b
Answer
(i) Let f(x) = (x - a) (x - b)
= f(x)=x"~(a+b)x+ab
- f(x) =~ (a+ B +ab)
:%_x'}—{aﬂr]%[rh%[ah}

. d n - -
On using theorem T{‘r )= nx"", we obtain
(X

f(x)=2x—(a+h)+0=2x-a—b
F(x)=(ax +5)

= f(x)=a’x"+2abx’ +b’

(ii) Let

i

f'("'} - Igi’i{'f":-'f4 + 2aby’ + b7 } =a’ _(_‘{'4 ]+ 2,5;}}{_{['_1-1] + i{b: ]

v dx dx dx

. d . ;

On using theorem — x" = m™ ' we obtain

. /
AN

[(x)=a’(4x7)+2ab(2x)+ b7 (0)
=4a’x" +dabx
= dax {n..'c 2 4 h}

(x—a
x=h

R

L’““-”'[I}:{
(iii)
= f'(x)= d {r—a]

_E x—h

e

By quotient rule,
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- [.r—b]:; {.r—u]—{,r—u];_ (x—b)
S (x—b)

D) (-a)()
(x—b)
=x—h—x+a
(x—b)
_a—b

(x-b)

Question 8:

L Lol

X —a

Find the derivative of ¥~ for some constant a.

Answer
x—a"
Letf{x)=
f{ ) x—da
s d [ x"—a"
= f {1}=—[ : ]
del x—a

By quotient rule,

7 ] ) (A‘—ﬂ}i(r” —r::”}—{.r" —.::”}:x{x—a]
EE {x_ﬁ}:_
(x —a](m""' - :})ﬁ_(rn " )
{.T —g]'

" —anx' —x" +a"

(x—a ]:

Question 9:
Find the derivative of

21‘—3

(i) 4 (i) (5x° + 3x - 1) (x - 1)
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(i) x7 (5 + 3x) (iv) x° (3 - 6x7°)
2 5
(v) x* (3 - 4x7®) (vi) ¥+l 3x-1

Answer

f'{x}:h—i
(i) Let 4
. d 3)
JIr {.T}_E[E.T—EI
d d(3
- d } ﬂ'!l"\-’-l]
=2-0
=2

(iYLet F(x) = (5x*+ 3x - 1) (x - 1)
By Leibnitz product rule,

[51 +?1—1J x‘—l]+{1—]}

(53
(

'J’l

¥4+ 3x—-1415x" +3x-15x
20x" 153" +6x -4

(iii) Let f (x) = x 3 (5 + 3x)

By Leibnitz product rule,

I
]

57+ 3x—1)(1)+(x—1)(5.3x"
¥ 43k - ] 1—]}{13\ +3)

o

= (‘\1 +3x —1)
+3—D]
3
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. od ] 3 d; 4
f I:.‘ff}—.'.l -ri‘r{5+3:l]+{5+ x}m‘(l ]l

=x 3{ﬂ+3}+{5+3x}(—3,~: )

X7 (3)+(5+3x)(-3x7)
=3x " ~15x " -9y
— _{7'1_—.!- _ I S_T—d
o
==3x7| 2+ E]
s X

x
2x+5
< (2x43)

;—?(5+ 2)

(iv) Let f(x) = x° (3 - 6x7°)
By Leibnitz product rule,

1= G {3-0x")s(3-0x") (<)

dx Tl
-5 {0-6(-9)* |+ (3657 (5)
=x (547" )+ 152" 3007
= 54x 7 +15x* —30x7°

= 24x7 +15x"
24

¥
(v) Let f (x) = x™* (3 - 4x7°)

By Leibnitz product rule,

=15x" +

P() = (3 (34 ) ()

X

=x " {0-4(=5)x T (3-da ) (—4)

=27 (200 )+ (3-4x7)(—4x7)

=20x"" —12x7 +16x7"
=36x" —12x"

12 36
===t

X X
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el

2 x

(vi) Let f (x) = X+1 Jdx—I

o d (2 ) d ¥
I {J]_{i‘r[l"{'lj d’.‘k’[jx—l]

By quotient rule,

{,\'+I]i‘{2}—2i{ﬁr+l} _ (3.r—|]i(,ﬁ)—,r‘ i{s.x—]}
(x+1) (3x-1)

(vt |)[ﬂ}-z[|}]_[(3-‘f— ')(EI}—(—T:){H}
o (xl) (3x-1)’
__ 2 [ 637 23— 3% :|
(x+1) I (3x—-1)°
o2 [ -z;ﬁ}

(x+1)" | (3x-1)

-2 x(3x-2)

(x+1) (3x-1)

Question 10:
Find the derivative of cos x from first principle.
Answer

Let f (x) = cos x. Accordingly, from the first principle,

, _ flx+h)-f(x)
S'(x)=lim .

h—lb

. cos(x+h)-cosx
= lim
Fr=a) h
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=lim

[ cosxcosh—sinxsinh—cos .r}

di—ll j!;

| —cosx(l—cosh)—sinxsinh
=lim

f—l f'll

h=+0 h h

[ =cosx(1-cosh) sinxsinh
=lun -

. 1—cosh . . (sinfr
=—co5x| lim——— | —sin xlim |
h—sli h fe—will \ h /l
. . l—cosh . sinh
=—cosx(0)-sinx(l) lim =0 and lim ! =1
Tl bl ) 7

=—sinx

S f(x)=—sinx

Find the derivative of the following functions:
(i) sin x cos x (ii) sec x (iii) 5 sec x + 4 cos x
(iv) cosec x (v) 3cot x + 5cosec x

(vi) 5sin x — 6¢cos x + 7 (vii) 2tan x - 7sec x
Answer

(i) Let f (x) = sin x cos x. Accordingly, from the first principle,
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fr('l.] = !II_|;fI'|I ’f [1 T hl:_ f {'1}
— lim sin{x+ h}cus-{:l.r h)—sin x cos x
fi—wlh b

= lim ih [Esin (x+h)cos(x+h)—2sinxcos .T]

H—wld

=lim L[sin 2(x+h)—sin2x |

i 2
o1 2x+2h+2x . 2x+2h-2x
= lim 2cos +5in

.'l—;l.lzh 2

. |[ 4x+2h . Zh}
= lim—| cos 5in—

.'l—;l!lh 2 2

L .
:!ng c05{21+h]ﬁmh:|

] . sinf
=limcos(2x+ h).lim ql? :

1—pll =k -||
=cos(2x+0).1
=¢0s2x

(ii) Let f (x) = sec x. Accordingly, from the first principle,
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Ax+h)—f(x
f(x)=lim /1 ] : [ )
[ h
sec|x+/i)—secx
=lim [ )
fi— 5
I ||
lim—

= f ::ns[:r Ifr] COs X

=lim—

h—0

- =

_::m.-_n:—-::m-.(.r HFW

cos xcos(x+ /1)
o (xex+h . (x—x—h)
—2sin |5111|
_ h'ml \ 2 4 b 2 A
cosx 0l cos(x +4)

C(2x+h L Ry
2sn sm|
(. L2 )L 2
Jdim— -
Ccosx fioo fy cclﬁ(_t' [ I:i}

(0

. sin
2x+hy 2]
-‘_.' |.".h'\|

2)

i
5in

L

= lim -
COsX /o0 cos(x+7)
.

(R
n| |

2+
sin
Lo
", - s

1 ,
oam N
— lim

— -I'
cosx {;'Hl]. |f By 0 cos(x+ h)

2
| 1 sinx
COSX  COSX

=secxtanxy

(i) Let f (x) = 5 sec x + 4 cos x. Accordingly, from the first principle,
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fx+h)=rf(x)

I =lim—
I Ssec(x+h)+4cos(x+h)—[5secx+4cosx]
= um
Si—l} .IIII
sec(x+h)—secx | cos(x+h)—cosx
=_'-‘llil‘11|: ( ) =4 4Iim[ ( ) :I
e h N} i
e | 1 I ]
=5lim— | -Iluu—[cos[:r Hi) cos:r]
i | cos(x+ h) cosx =t fy

. . .
+4lim P [cosxcosh —sinxsin 1 —cos x]
Fp—aii ?

=5lim—

1| cos x—cos (x+h)
=0 h| cos xeos(x+h)

s [ x+x+h | . '“x—x—a’:r‘J
i} —2sin sm|
:" s L} ) LY = ]. N N
= lim — +4lim—| —cos x[l—casﬁ]—smxsuﬂr]
cosx =0 fp cos(x+/) h—stt
no (2x+hY . h)
) —2si sm| - | .
3 o | ) L 2 i {l —EDS;}] ) oginh
= Jim— + 4| —cosxhm —gin x lim
cosx Gy cos(x+/) R ety
. [h i
sin[ ]
. (Z.\'+h“' L2 )
111 .
I, 2 P E
>0 ;) .
= dim < +-||7[—CGSI‘}.[U)—{ELHI].|—|
cosx hiel n::n'_‘:s{.r +h} !
C 2x+h) (R
_ sIn s51n
:1 , 2 ] . '.:' .
| lim ~ lim —4sinx
cosx | 0 cos(x+h) v B
2
3 s=inx )
= . d—4sinx
COSX COSX

=3secxtanx.—4sinx

(iv) Let f (x) = cosec x. Accordingly, from the first principle,
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f(x)=1lim St h)= /()

h—i} T

L 3 ] - ~ - ~ A
F(x)= lim p LLOSEL(.\ +h}—mseuJ

—

_ | |
= lim - ;
Bl I; 511 (,‘If +J|r1‘) s5mx
in oy si il |
=lim sin x —sin (x + 1)

Fe—ali

=] —

sin(x+h)sinx

.(r—x—hw
= 81n |

X+x+h
2c0s

E

—1'1111i - -
=l sm{.‘r [ J'r}l_-‘.ln X

oo (2x+h (B
-cos| ; sin | - |
=lim NP
B i sin{x+/)sinx

A

(2x+h
- usl

2 ).ll h

7
-

. h
sin|
l,‘.,_,

Eal

— i
. sin [_1: + f:-] sin x

f (2x+ i) L
L2 )

Cos s
2

=lim T [T "
=0l sin(x+h)sinx | 1, ("r-"]
) 2

% A L%

rd Y
—LCOs5 X
= ==X 1)
Sinxsinxy

= —COosecycory

A

(v) Let f (x) = 3cot x + 5cosec x. Accordingly, from the first principle,
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,  f(x+h)-[(x)
S'(2)= hm h
Y 3cot(x+h)+ Scosec(x+h)-3cot x - Scosec x
= lim
) h

=3lim %[cm (x+h)—cot .'r] +51im %[cnscc (x+h)- cosec ,r]

Now, liml [cut(,r+ h] —cot x]

=it

1 _C{}S(I-I—h} _4;:(}5.1‘]
o0 sin(x+h)  sinx

| _ms[x+ Jt)sin x — cos xsin {_r+f?}}
=0 h| sinxsin(x+h)

| i sin(_r—x—h} ]

bt i | sinxsin (x + h]

] sin(—h)
=0 b sinxsin(x+fr) |
.osinh | 1
=—| lim—— [.| lim— -
W= bt sin x-sin (x+ A1)

1 ~1 ]
:—], = - - _ 2. 2
Siin_r-fiin{x.q.ﬂ} sin? x cosec x { ]

()
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1
lim — [mscc (x+h)- coscm‘]

=il 1

=lim—| — : - .]
it fi | sin {.1:+f'.r} sinx

| [ sin .r—5in[x+h]]

=lim—| — :
i frl o gin {.1: + h)sinx

_,.I [1+.1‘+}'i) [.r—.r—ﬁ]
2cos -51n
2 2

o
= lim—

i fy sin (x+ /A )sin x
Fq {l‘l.‘+.n"}} . [ h]
ZCDs S| =
] 2 2
=lim— ; ;
ity sin( x -+ /r)sinx

=lim
et s+ fr)sin x

[21 + h] . [
—cos N 510
= lim - '

2
ol sin(x+ hr)sinx ‘ i [J'r?]

=05 Y _l
sinxsinxy )

= —cosecx cot x ~3)

From (1), (2), and (3), we obtain

/"(x) =—-3cosec’x — Scosec x cot x

(vi) Let f (x) = 5sin x — 6cos x + 7. Accordingly, from the first principle,
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)i DS ()

hi—db T

fi=pl)

=lim ;[isin{x +h)=6cos(x+h)+7-5sinx+6c0sx 7]

= Li_]}ﬂ%[i{sin {_‘r + J':'} —51n .T} - 6[::05 {x + J':'] ~CO8 TH

=5lim %I:Fiin{_‘-: +h)—sinx | -6 Eﬂ%[ma{x+ﬁr}—cm x]

Sl h-

LB ] _h-

1 x+h+x) . (x+h-x" . cosxcosh—sinasinfi—cosx
=5lim—| Zcos 5 sin > |—6lm1

r

" —cosx(l—cosh)—sinxsinf
=j|iml[2:os[2"'+h]sing}—ﬁlim[ A{ ) ! T

i h 2 Jr—sli h
51N h)
2x ) —cosx|l—cosh in xsi
=5lim cns[ \H?J 2 |-6lir { ( ) _sinxsinh
=0 2 h Ir—s1 .j'i"
2 )
qinh
. b TR
=5 Iinmns(“m-Hro lim— 2 |-6 (—cosx) lim 1 =S03% |~ si
Tr—sll \ 2 '3_,“ -||L|r Tr—all 1 )
’ 2

=5cos x. I—Er[[—cus.‘r}_[ﬂ}—sinx. I]

=5cosx+06sinx

(vii) Let f (x) = 2 tan x - 7 sec x. Accordingly, from the first principle,
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o
7(5) =t T I )
A=} 1

=lim : tm{ J’r] ?qec[ h:l 2tan x4+ Tsecx

h—sll h -~

. _l-.il.?. :,|73 {tdn( #f1)— tan .1'} ?{5&1:{.1‘ th) sacx}_‘

=2|.-.jm :}I:tsm x+h)~tan 1.] ?Lm& - I:qec{.r th) sec.r:l
)

5o 1| SO v+h)  sinx i L I I 1
2 — - —Th —
w0 fi| cos(x+h) cosx o0 il cos(x+h) cosx

ssin[.'f I frllcm;.'f ﬁin,\'cns[ﬂf [ fr]_ 71 | | cosx n:n’a[l: [ 4";]_
i fy cnsxms[,r [ h] ] a0 h COsX cm[ f?} ]

".‘r+x+h“' fx—x—h"
= —35|11[ SII1| ]
1| sin{x+#—x) 2 tien ] . o2 S 2
0 fy _ccrs.xms{:r +h)

i cosxcos(x+h)
o ‘~. r
o Zsin[ ! ' h
oy | [ sinh I _
=2hm | : —7hm—
0l h ) cosxcos (x4 I.i] ftr fy Cos n:m XA f!
I

t Al 2x+ )
sin /i ) | s ) sin 2
. & .l
=2| lim lim T him = || lim
Lo J] e cos xeos( v+ i) "o B 0 cosx cns{ + 1)

b, i 2 r L ]
1 sinx |
=21 — 7 l| _— |
COSXCO8X \ COSXCOSY )

b
2sec” x—Tsecxtan x
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