Class XI Chapter 13 - Limits and Derivatives

Maths

Exercise 13.1
Question 1:

limx+3
Evaluate the Given limit: #=*

Answer

limxy+3=3+3=6

Question 2:

n

lim [x ——]
Evaluate the Given limit: * 7

Answer

[ 22][ 22]
lim| x——|=| n——
% 7 7

Question 3:

limmr*
Evaluate the Given limit: !

Answer

limnr® =xn (l }] =1

r—+l

Question 4:
. 4x+3
lim

Evaluate the Given limit: *** x—2

Answer

. 4x+3 4(4)+3 16+3 19
lim = = =
rad oy —1 4-12 2 2

Question 5:

] &
B Sy |
lim ——

Evaluate the Given limit: **'  x—1

Answer
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Maths

lim
el y—] -1-1 -2

5
lim(,‘r+l] -1
Evaluate the Given limit: * " x
Answer
5
o x+1) =1
1IIT1( ]

x=wl] X

Putx+ 1=ysothaty - 1asx— 0.

_ x4y =1 o
Accordingly, In‘ﬂ[ } = lim 2
L ot ."c' 1t | Il"_]
oy =T
=lim 2
=y =]
=51
=3
o x+5) =1
I|m{ } =3
—sll Ay
. 3 —x-10
lim -

Evaluate the Given limit: *** X —4

Answer

Mt el (1) (1) +1 1-1s1

-
-

N e el
lim = gl
—~ 1_g

0

At x = 2, the value of the given rational function takes the form 0,
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LT —x—10 . (x-2)(3x+35)
s lim - = lim

= x" -4 =2 (x=2)(x+2)

. dx+5

= [im
a—+2 x+2

3 3{2}+5

242

11

4
Question 8:

lim—* 8!

Evaluate the Given limit: “** 2x" —3x—3

Answer

At x = 2, the value of the given rational function takes the form
Cooxt-st (x-3)(x#3)(xT+9)

Slhim— = lim

=3 2xT =5x-3 0 (x-3)(2x+1)
—lim (x+ 3](1" +9]
= 2x+1
(3+3)(3°+9)
T 2(3)+
_ 6x18

Question 9:

Evaluate the Given limit: *** ¢x+1
Answer

. +b al0)+b
lim i = ( ]

=h
=0 ex+l e(0)+1

==

Page 3 of 68



Class XI Chapter 13 - Limits and Derivatives

Maths

e
Evaluate the Given limit: ~ 2° 1
Answer
i
lim ==
" =1

0

At z = 1, the value of the given function takes the form 0,
1
Put 2 =X so thatz —1 as x — 1.

. B e
Accordingly, lim ———=lim |
| | x—
A |
X =T
=lim
=l x|
- . ox"=a"
=21 lim
X
=2
|
=R |
Colim | =2
==+l
=1
_ax +hx+e
lim— a+b+e=0

Evaluate the Given limit: “* X" +bx+a

Answer

— ?’Tﬂ'“_ll
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Maths

axc’ +bhx+c u[l}j +b(1)+¢

lim— -
=l ex” +hy +a .:-[I]' +h[|]+u
_c.‘-l—h+=:.'
a+h+c
=] [(r+h+c';t{l]
1 1
+
lim -+ 2

Evaluate the Given limit: *** ¥+2

Answer

11
+

; 7
lim &—=
r2 x4 2

0

At x = -2, the value of the given function takes the form 0,

Now, lim+—= = lim
1 x4 r+-2 x4
:]n‘nL
T ]2\:'
3 1 _—|
2(-2) 4

. sinagx
lim

Evaluate the Given limit: **" bx

Answer

. sInax
lim

=i} hT

0

At x = 0, the value of the given function takes the form 0,
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N;‘_‘IW, lim SN ax —lin SII'i X (,
)] hx X "'-' ax ,1‘
sin ax a
= |||11( ] f—J
'r—H.l,\ ax \ h
E|i [“M‘rx] [.T—}ﬂ:}ﬂ_‘l.'—}{]]
_ E " lim >V sin ¥ —1
h | »i} J"I
_a
b

Question 14:
. sinax
lim

- e
Evaluate the Given limit: " sinbx

Answer
. sInax
lim — Ld, b=l
el gin b
0
At x = 0, the value of the given function takes the form 0
v "y
5in ax
. singax v
Now, lim — = lim~—%
=0 sin bx o | Illbxwxh
s b.‘f / .
. (sinax
P I|n1| ]
ol Ay —#Ll \ ax J .1 _} U' :> f-'.T _} ﬂ'
= — [ —————=—
\ J Ii|11|{$mb'ﬁ| and x — 0= hx =0
by b':'|". fu*
fat 1 . siny
:| % lim =1
t,_l!!) ] r—* J
_a
b
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Question 15:
.osin|m—x

Evaluate the Given limit: m(n-x)
Answer

.osinlm—x

1]“‘1M

won :'I[n:— .!-;]

Itisseenthatx -  n=>(n-x) -0

.'.Iimsm[n_x}:] . sin(n—x)
s oqm(m-x)  wier (mex)

_y [“msm y _ ]}

v =i}

L

Question 16:
I COS X
m
Evaluate the given limit: **" T—x
Answer
. ocosx cosl
lim = -
il T—X T _{J T
Question 17:
lim cos2x—1

Evaluate the Given limit: **" cosx—1

Answer

. cos2y—1
lim———
rol gpsx—1

Page 7 of 68



Class XI Chapter 13 - Limits and Derivatives Maths
0
At x = 0, the value of the given function takes the form 0,
Now,
o cos2x—1 . 1-2sin’x-1 . X
lmlb—I :1111!—1f [ms xr=1-2sin" ;}
cosEL T - 2sin® T -1 <
(sin*x| .
o L
.oosimtx -
=lim =lim-: 4
e | ) —
sin° Y
7 sIn 2
- 7 A
= | ®
[-T )- 4
3
- A

=4 . X A
- o] -1-
sin”
. 3
lim =
| (Jl =
\ 2
[ll Sin X ‘*|'
=0 x
=4 ”': [.r—}[}::a——}ﬂ}
51N
lim——=
T X
i 2
¥ . siny
=4 lim——=1
1” r—slh
=4
Question 18:
. QY4 XCcosx
hm—_—"

Evaluate the Given limit: **"  bsinx

Answer
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. AY+XCOSX
lim————
el Hgin x
0
At x = 0, the value of the given function takes the form 0,
Now,
. ac+xcosx 1. x(a+cosx)
lim——=—lim—
el hsinx b o sinx
| T
—lllﬂt — [x lim(a+cosx)
=il osmy o ool
=—x xlim{a+cosx
h (.. sinx) = ~'-( )
lim |
'|\- Ve 1] x z_]
1 . sinx
—x(a+cos0) lim l
b | ¥=0 x
a+1
b
lim xsecx
Evaluate the Given limit: ==
Answer
. . : 0 ]
limxsecx=lim S—=a=
x=+0 ieosy cosl) ]
. singx+ by
lim————— a.h,a+bh =0

Evaluate the Given limit: *" @x +sin hx

Answer
)]

At x = 0, the value of the given function takes the form 0,

Now,
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Maths

Cosinax + by
lim——
vl gy 4 sin by

SN X
ax + by
= lim =

ax
T |'“ 5in h.r]

ax + hx
. by

!

dy—ll a—} y—kll

(O einagr
| lim s Jxlim{m}ﬂimm‘
_\ {ax

. . . sinhx
lim ax + lim bx| lim
p=plh =] hy—plh X
lim(ax )+ lim bx
—_— X ol Vel )

lim ax + lim bx

lim (ax + bx)
- lim (cx + bx)
=lim(l)

il

=1

Question 21:

[As x — 0= ax —» 0 and bx — 0]

. sInX
lim =1
x—il X

limcosec x —cot x)

Evaluate the Given limit: ***

Answer

At x = 0, the value of the given function takes the form @@ —5

Now,
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lim {cusec x—cot x}

=il

cos.r“}

ro
= lim| ——-—
ol sinx  sinx

1 —c:m‘-x]
=lim| ———

=0l sinx

[”l—cosx“'
)
=lim—m—<

Al ( sin r]

X

| —cosx

|:|imﬂ =0 and lim SIY l:|

x—pl X =l oy

Question 22:

tan 2x

m 0
At 2 , the value of the given function takes the form 0

T
X===y x—o>—=,y—=0
Now, put 2 so that
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{ ™
tan 2| }-‘+§J

. tan2x .
s lim = lim >
L y il ;
kY F-] .‘.L — - }
2
o tan(m4+ 2y
= lim { z )
:.—|I;I Y
. tan 2y
=lim = [lm1{rt+2}'}:tan 2}]
y g} W
sin 2y

= lim
y=0 vy eps 2y

s ™
.| sin2y 2
= lim »
v=0l o 2y cos2y

[ sin2y ) 2
=| lim - JXhm [y = 0=2y—>0]
=0 2y vl cos2y
- [linﬁ""‘:l}
cosl =y
_12
I
=2
Question 23:
2x 43, r=1

lim lim { ]
Find 0 f(x) and o f(x), where f(x) = 3(x+1), x>0

Answer

The given function is

{Er+3, x<0
fx) = 3(x+1), =0

L

lim f(x)=lim[2x+3]=2(0)+3=

K=l

lim £ (x) =lim3(x+1)=3(0+1) =3

=il

~im f(x) = lim f(x)=lim f(x)=3

=il
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Maths

lim £ (x)=lim3(x+1)=3(1+1)=6

K=l

lim f(x)=lim3(x+1)=3(1+1)=6

e r=l

Iin|1 flx)= Iir}'} flx)= I_in*|1f{.r} =6

Question 24:
x=1

{xﬁ -1,
lim Ll
Find * f(x), where fx) = (% 1 ¥~

Answer

The given function is

-

.f(x}{

i

—x =L x=1

lim f (x) =lim[ x ~1]=1*-1=1-1=0

x—l

" _ a _ 2 _ — 2 _ —__1_ - _Jj
151'1f[r}_l1ﬂll[ x I]_ F—l=-1-1=-2
It is observed that lim f(x)# lim f(x).

a—sl ) sl

Hence, lim f(x) does not exist,
a—+l

Question 25:
x
U‘: x=0
X
lim _
Evaluate 0 f(x), where f(x) = L*° x=0

Answer

The given function is

H., x=0
X
0, x=10

fix) =
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Class XI Chapter 13 - Limits and Derivatives Maths
lim f(x)= lim |T|
x—l ) F—wlk X
. =x . . .
= Im1(—] [When X 1s negaitve, |'|.| = —:r:|
,1—0-le x

=lim(-1)

a—ld

lim f{ = ||m[| q
vl renll” X

= Iim[l] [ When x is positive, |x[=x]

=l Y

= I1m l

=1
It is observed that lim f(x)# lim f(x).

Hence, lirrl‘:f{x] does not exist.

Question 26:

lim 0
Find =~ f(x), where f(x) = "~
Answer

The given function is
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x
—, x#=0
7 (x)=1 ]
0 x=0
X
li x)=lim| —
lim f(x) _ﬁ'f.'.'-[|,;|
. x . 1
:1\'_'.11. ::| ["u‘v hen x < 0, |.1|— .‘I.:|
= lim [—I

K= sl

. X
=lim| =
K=k X

= Iim(l]-

Kk

lim f(x)=lim ’i]

=

[When x =10, |x| = x:l

| I

[t is observed that lim f'(x)# lim f(x).
=l

a—wll

Hence, Iim1 f [x}dﬂes not exist.
¥yl

Question 27:

_im x| -5
Find * f(x), where f(x) =
Answer

x|—3
The given function is f(x) = |t| .
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Class XI Chapter 13 - Limits and Derivatives Maths
lim flx)= !i]'t_‘l |:|1 - S:I
= In|_|31 (x=3) [When x=0, |J.| = J.‘]
=5-5
=0
lim f (x) = lim (|x|- 5)
=lim(x-5) | Whenx >0, |x|=x]
=5-5
=0

lim flx)= lim flx)=0

Hence, lim f(x)=0

Question 28:

a+bx, x<I

4, x=1
Suppose f(x) = b-ax x>1 and if lt'l-r*r'] f(x) = f(1) what are possible values of a and b?
Answer

The given function is
a+bx, x <1
flx)=44, ¥ =1
bh—ax x=>1

lim 7 (x) = ]ﬁiry[u+hx} =a+b

v—=|

lim 7 (x)=lim(b-ax)=b-a

x—»l" 1=l

f)=4

It is given that IL.'E}-}({'T) = f(1).

+ lim fix)= lim 7 (x)=lim £ (x) = £ (1)
=a+bh=4andb-a=4

On solving these two equations, we obtain o =0 and # = 4.

Thus, the respective possible values of a and b are 0 and 4.
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Question 29:

Let “rv P25 oo “s be fixed real numbers and define a function
flx)=(x-a)(x-a,)..(x—a,)
lim a#da, dy.., a lim

What is * f(x)? For some "-compute 4 f(x).

Answer

X)=(x-a ]{x—a:},,,{x—a”}-

The given function is J { }

lim f(x)= lim [[t—fr,][ a ) x— ]:|

:Lllw [x—a,]}[!u\;: Y —d, } [!”*“. :|
=(a,—a)(a-a)..(a—-a)=0
h—lﬂf{‘} =0
Now, ll-l,r:]. Fx)= EI_IH I:{r— a)(x—a,)..[x—a, }:I
= |:IT||I‘:{1 —a }][!"H (x—a, }][IL"H{I -a, }:|
=(a—a)(a-a,)..la-a,)
slim f(x)=(a—a ){a—a)..(a—a,)

Ak

Question 30:

|x|+l, x<0
0, x=1
|x—1, x=0

If f(x) =

lim
For what value (s) of a does =+« f(x) exists?
Answer
The given function is
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[x[+1, x<0
f(x}= 0, x=10

|:r|—|~ x=0

When a =10,

lim £ (x) = lim (|} +1)
=lim (—x+1) [If:r <0, |x|= —.1':|
=—0+1
=1

lim f () = lim (|| -1)
=lim(x—1) [1fx >0, [x]=x]

=0-1

Here, it is observed that lim f'(x) = lim f(x).

sl r—il!

- lim f'(x)does not exist.
=l

When a < 0,

lim fx)= lim (|x]+1)
=lim(~x+1) [x<a<0= |x|=—x]
=—a+l

lim () = lim (Ix]+1)
=lim(-x+1) [a<x<0= |x]=—x]
=—a+l

i /)=l )=

Thus. limit off{x]exists at x = a. where a < (0,

Whena >0
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lim f(x)= Ilm{|w:|—]]

=0

=lim(x-1) (0<x<a=|x=x]

X—¥id

=a-1

11m flx)= |1I11 (| —1)

=lim(x-1) [l]'-:: a<x ::-|Jr|=x]
=g-—1

o lim _,f'{x] = lim _f'{.wli =a-—1

Thus. limit of f (x )exists at x = a. where a > 0.

lim f(x)
Thus, = exists for all a # 0.

Question 31:
lim F[x} 2

If the function f(x) satisfies **' X’ F -1 , evaluate *=!

Answer
Fx)-
il wT =]

lim ( (x)-

in )

lim(x* 1)

=T

sl

= lim(f(x)-

x=rl

)=
:;»llmf (x)-2)=mn
2)=0

Ilm{‘q —1}

K=+l

(1" -1)

= lim(f(x)-

Kl

= Iimf[x}—limi =1

%=l x—l

= limf \;} 2=10

¥l

slimf(x)=2

x=al

limf(x)
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mx- +n,

Sx)=qnx+m,

‘i
If x4+,
lim f( x)
Rt exist?
Answer

The given function is

mx’ +n,
Slx)=qne+m,

3
MXT + o,

K=l

=m(0) +n

=n

lim f(x)=lim(nx+m)

y—i" y—i}

=n(0)+m

.

lim f( x)

lim f(x) = lim (1mx” +n)

Thus, == exists if m = n.

vl

=n(1)+m

=m+n

lim f(x)=lim(nx" +m)

v—s]" x—l

:n{l}'} +m

=m+n

!1131 flx)= !ilﬁ‘_t flx)= Il_in_'|1.f{x}.

lim f(x)

Thus, ' exists for any integral value of m and n.

lim f'(x)= Ijﬂll{n.r +m)

lim f( x)

. For what integers m and n does "

and
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Exercise 13.2
Question 1:
Find the derivative of x> - 2 at x = 10.
Answer

Let f(x) = x*> - 2. Accordingly,
F(10 +f?}—_,?"{|f.}}

F(10) = lim-
di—slh h
[(mm]ﬁ —z]—(mf—z}
= lim
fr—sll h
102108+ R =2-107 +2
= lim
| Jrl'
. 20h+h°
= lim ———
dpnil I|I'J.
= Li1n{2ﬂ+f?}:{il}+l}}:iﬂ

Thus, the derivative of x> - 2 at x = 10 is 20.

Question 2:
Find the derivative of 99x at x = 100.
Answer

Let f(x) = 99x. Accordingly,
f{lﬂﬂ+h}—f{lﬂﬂ]

7(100) =y 222

. 99(100+/)—-99(100)
=lim :

[ h

99 1004+994 —99 100
= lim

Jr—ll h

. 994

lim—

Jr—+01 h
= lim(99) =99

Thus, the derivative of 99x at x = 100 is 99.

Question 3:

Find the derivative of x at x = 1.
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Answer

Let f(x) = x. Accordingly,
7(1) lim'f{]”}} ()

bl J'j.

1+h)—1
:nm&
Jr—sl) Jli'
:|1'1Ti£

.l|—;|lh

=lim(1)

=0

=1

Thus, the derivative of x at x = 1 is 1.

Find the derivative of the following functions from first principle.
(i) x> =27 (i) (x - 1) (x - 2)

L x+1
(i) X (iv) x-1
Answer

(i) Let f(x) = x> - 27. Accordingly, from the first principle,
_f'[x+h}—l,f'[.r}

Ji‘ {I} N !lI—I’a]]‘!: b
I:fx - h}j - 2?:| - (J:i - 2?}
= lim =
Jp—all I|IF
Cox + N +3xh+ 3k -2
=lim
Jr—all h
W 33 he 3xh”
=lim
Jr=nl) j'-||
=lim(h* +3x" +3xh)

=0+3x" +0=3x’
(i) Let f({x) = (x = 1) (x = 2). Accordingly, from the first principle,
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+h)
£'(x)=lim fx+h)-1f(x)
h rlr T
i (x+h=1)(x+h=2)=(x=1){x-2)
- |}I—Io]r-ll h.
y (.3.'3 +hy—2x+hx+h' - 21"?—J'—h+2]—(:«'3 —2x—x+ 2)
= lim
fp—sil] .Jli"
(m +hx+h -2h- h]
=lim
fr—ill IJ'T
_ 2hx+ht=3h
=lim—
iz —3il) h-
= I|n1[2'r+h—‘-!]
={2_r+f}—3}
=2x-3
. 1}=—«
(iii) Let X" . Accordingly, from the first principle,
lx+h)=f(x
J{J{'T}z!'.llrﬁ-f{‘l jlz f {A)
1 3 1
' ox
— lim (x+h)
h—0 h

0|t (x +h}:

e (x+h)
T i Gt (> }]

| _.1:: —x =k =2hy
=lim— - =
o0 h x(x+h)

1| =k =2hx
=lim—| ——
X (x+h

y
=|i [ —h- ]
1+ﬁ

D"x

.1.‘“{.1.‘ +EI} -"-"'
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x+1

X)j=——

(iv) Let ' x—=1 Accordingly, from the first principle,
(x+h)—fx
()= i T2 )

=il
x+h+l x+1
Hm(r+h—l - x—l]
h—>0 h
_ Hml[[r—l}{.\'+h+1]—{I+1}{x+f1r—1}]
(x—1)(x+h-1)

h—sil _If?

[:.:’+h.r+x—x—f1l—l)—[x’+h_r—:r:+x+h—|)
=0 f [_Y—]}{."L'-I-J'I? —]}

- Iiml_ 2
0 el (x=1){x+h—1)

=Iim[ = }
[ {x—l]{r+h—l}

=2

GG (o1

Question 5:

For the function

flx)

1ot S 2

X X
=—t—t. . +—+x+]
100 99 2

f(1)=1007"(0)

Prove that
Answer

The given function is
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176} ga ™y ]
if(r}=i(“—]+i[r— |++i[v_J+i .r]+i{1}
dx dv! 100 ) dxl 99 | del 2 | dx elx

. (. . :
On using theorem ;—(r ): nx""', we obtain
X

d 100x™  99x™ 2x
flx)= + Font—+1+0
100 0g 2

=x" x4 x+]

LX) =xT T x4

Atx =0,

7'(0)=1

Atx =1,

S)=1"+1" 4+ 1+ =1+ L+ 1] =1x100 =100

thus, /(1) =100x7(0)

Question 6:

T n—1 X nm-2 r—I| ] .
Find the derivative of ¥ +aX +ax ~+..+a X+4a for some fixed real number a.

Answer
Lot J(¥)=x"+ax" "tatx"  ra x+d
. d 3 pa o ,
S x) = +ax" +ax" o +a x+
Sx) ﬂ"‘n{l ax’ +ax a'x+a ]
d i , oo )
_cfx{ }+ﬂd—Y[ ]}+a d—r(ﬁ. ]—I—...-Hr ':{1]1—({ E[l}

. il 0 .
On using theorem nr—_T” =nx""".we obtain
b

F(x)=mx""+a(n-1)x""+a* (n-2)x""+...+a"" +a"(0)

=nx" ' +a(n-0)x""+a’ (n=2)x""+..+a""
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Question 7:

For some constants a and b, find the derivative of

X=da
(i) (x - a) (x - b) (i) (ax® + b)? (iii)) *—b
Answer
(i) Let f(x) = (x - a) (x - b)
= f(x)=x"~(a+b)x+ab
- f(x) =~ (a+ B +ab)
:%_x'}—{aﬂr]%[rh%[ah}

. d n - -
On using theorem T{‘r )= nx"", we obtain
(X

f(x)=2x—(a+h)+0=2x-a—b
F(x)=(ax +5)

= f(x)=a’x"+2abx’ +b’

(ii) Let

i

f'("'} - Igi’i{'f":-'f4 + 2aby’ + b7 } =a’ _(_‘{'4 ]+ 2,5;}}{_{['_1-1] + i{b: ]

v dx dx dx

. d . ;

On using theorem — x" = m™ ' we obtain

. /
AN

[(x)=a’(4x7)+2ab(2x)+ b7 (0)
=4a’x" +dabx
= dax {n..'c 2 4 h}

(x—a
x=h

R

L’““-”'[I}:{
(iii)
= f'(x)= d {r—a]

_E x—h

e

By quotient rule,
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- [.r—b]:; {.r—u]—{,r—u];_ (x—b)
S (x—b)

D) (-a)()
(x—b)
=x—h—x+a
(x—b)
_a—b

(x-b)

Question 8:

L Lol

X —a

Find the derivative of ¥~ for some constant a.

Answer
x—a"
Letf{x)=
f{ ) x—da
s d [ x"—a"
= f {1}=—[ : ]
del x—a

By quotient rule,

7 ] ) (A‘—ﬂ}i(r” —r::”}—{.r" —.::”}:x{x—a]
EE {x_ﬁ}:_
(x —a](m""' - :})ﬁ_(rn " )
{.T —g]'

" —anx' —x" +a"

(x—a ]:

Question 9:
Find the derivative of

21‘—3

(i) 4 (i) (5x° + 3x - 1) (x - 1)
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(i) x7 (5 + 3x) (iv) x° (3 - 6x7°)
2 5
(v) x* (3 - 4x7®) (vi) ¥+l 3x-1

Answer

f'{x}:h—i
(i) Let 4
. d 3)
JIr {.T}_E[E.T—EI
d d(3
- d } ﬂ'!l"\-’-l]
=2-0
=2

(iYLet F(x) = (5x*+ 3x - 1) (x - 1)
By Leibnitz product rule,

[51 +?1—1J x‘—l]+{1—]}

(53
(

'J’l

¥4+ 3x—-1415x" +3x-15x
20x" 153" +6x -4

(iii) Let f (x) = x 3 (5 + 3x)

By Leibnitz product rule,

I
]

57+ 3x—1)(1)+(x—1)(5.3x"
¥ 43k - ] 1—]}{13\ +3)

o

= (‘\1 +3x —1)
+3—D]
3
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. od ] 3 d; 4
f I:.‘ff}—.'.l -ri‘r{5+3:l]+{5+ x}m‘(l ]l

=x 3{ﬂ+3}+{5+3x}(—3,~: )

X7 (3)+(5+3x)(-3x7)
=3x " ~15x " -9y
— _{7'1_—.!- _ I S_T—d
o
==3x7| 2+ E]
s X

x
2x+5
< (2x43)

;—?(5+ 2)

(iv) Let f(x) = x° (3 - 6x7°)
By Leibnitz product rule,

1= G {3-0x")s(3-0x") (<)

dx Tl
-5 {0-6(-9)* |+ (3657 (5)
=x (547" )+ 152" 3007
= 54x 7 +15x* —30x7°

= 24x7 +15x"
24

¥
(v) Let f (x) = x™* (3 - 4x7°)

By Leibnitz product rule,

=15x" +

P() = (3 (34 ) ()

X

=x " {0-4(=5)x T (3-da ) (—4)

=27 (200 )+ (3-4x7)(—4x7)

=20x"" —12x7 +16x7"
=36x" —12x"

12 36
===t

X X
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el

2 x

(vi) Let f (x) = X+1 Jdx—I

o d (2 ) d ¥
I {J]_{i‘r[l"{'lj d’.‘k’[jx—l]

By quotient rule,

{,\'+I]i‘{2}—2i{ﬁr+l} _ (3.r—|]i(,ﬁ)—,r‘ i{s.x—]}
(x+1) (3x-1)

(vt |)[ﬂ}-z[|}]_[(3-‘f— ')(EI}—(—T:){H}
o (xl) (3x-1)’
__ 2 [ 637 23— 3% :|
(x+1) I (3x—-1)°
o2 [ -z;ﬁ}

(x+1)" | (3x-1)

-2 x(3x-2)

(x+1) (3x-1)

Question 10:
Find the derivative of cos x from first principle.
Answer

Let f (x) = cos x. Accordingly, from the first principle,

, _ flx+h)-f(x)
S'(x)=lim .

h—lb

. cos(x+h)-cosx
= lim
Fr=a) h
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=lim

[ cosxcosh—sinxsinh—cos .r}

di—ll j!;

| —cosx(l—cosh)—sinxsinh
=lim

f—l f'll

h=+0 h h

[ =cosx(1-cosh) sinxsinh
=lun -

. 1—cosh . . (sinfr
=—co5x| lim——— | —sin xlim |
h—sli h fe—will \ h /l
. . l—cosh . sinh
=—cosx(0)-sinx(l) lim =0 and lim ! =1
Tl bl ) 7

=—sinx

S f(x)=—sinx

Find the derivative of the following functions:
(i) sin x cos x (ii) sec x (iii) 5 sec x + 4 cos x
(iv) cosec x (v) 3cot x + 5cosec x

(vi) 5sin x — 6¢cos x + 7 (vii) 2tan x - 7sec x
Answer

(i) Let f (x) = sin x cos x. Accordingly, from the first principle,

Page 31 of 68



Class XI Chapter 13 - Limits and Derivatives

Maths

fr('l.] = !II_|;fI'|I ’f [1 T hl:_ f {'1}
— lim sin{x+ h}cus-{:l.r h)—sin x cos x
fi—wlh b

= lim ih [Esin (x+h)cos(x+h)—2sinxcos .T]

H—wld

=lim L[sin 2(x+h)—sin2x |

i 2
o1 2x+2h+2x . 2x+2h-2x
= lim 2cos +5in

.'l—;l.lzh 2

. |[ 4x+2h . Zh}
= lim—| cos 5in—

.'l—;l!lh 2 2

L .
:!ng c05{21+h]ﬁmh:|

] . sinf
=limcos(2x+ h).lim ql? :

1—pll =k -||
=cos(2x+0).1
=¢0s2x

(ii) Let f (x) = sec x. Accordingly, from the first principle,
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Ax+h)—f(x
f(x)=lim /1 ] : [ )
[ h
sec|x+/i)—secx
=lim [ )
fi— 5
I ||
lim—

= f ::ns[:r Ifr] COs X

=lim—

h—0

- =

_::m.-_n:—-::m-.(.r HFW

cos xcos(x+ /1)
o (xex+h . (x—x—h)
—2sin |5111|
_ h'ml \ 2 4 b 2 A
cosx 0l cos(x +4)

C(2x+h L Ry
2sn sm|
(. L2 )L 2
Jdim— -
Ccosx fioo fy cclﬁ(_t' [ I:i}

(0

. sin
2x+hy 2]
-‘_.' |.".h'\|

2)

i
5in

L

= lim -
COsX /o0 cos(x+7)
.

(R
n| |

2+
sin
Lo
", - s

1 ,
oam N
— lim

— -I'
cosx {;'Hl]. |f By 0 cos(x+ h)

2
| 1 sinx
COSX  COSX

=secxtanxy

(i) Let f (x) = 5 sec x + 4 cos x. Accordingly, from the first principle,
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fx+h)=rf(x)

I =lim—
I Ssec(x+h)+4cos(x+h)—[5secx+4cosx]
= um
Si—l} .IIII
sec(x+h)—secx | cos(x+h)—cosx
=_'-‘llil‘11|: ( ) =4 4Iim[ ( ) :I
e h N} i
e | 1 I ]
=5lim— | -Iluu—[cos[:r Hi) cos:r]
i | cos(x+ h) cosx =t fy

. . .
+4lim P [cosxcosh —sinxsin 1 —cos x]
Fp—aii ?

=5lim—

1| cos x—cos (x+h)
=0 h| cos xeos(x+h)

s [ x+x+h | . '“x—x—a’:r‘J
i} —2sin sm|
:" s L} ) LY = ]. N N
= lim — +4lim—| —cos x[l—casﬁ]—smxsuﬂr]
cosx =0 fp cos(x+/) h—stt
no (2x+hY . h)
) —2si sm| - | .
3 o | ) L 2 i {l —EDS;}] ) oginh
= Jim— + 4| —cosxhm —gin x lim
cosx Gy cos(x+/) R ety
. [h i
sin[ ]
. (Z.\'+h“' L2 )
111 .
I, 2 P E
>0 ;) .
= dim < +-||7[—CGSI‘}.[U)—{ELHI].|—|
cosx hiel n::n'_‘:s{.r +h} !
C 2x+h) (R
_ sIn s51n
:1 , 2 ] . '.:' .
| lim ~ lim —4sinx
cosx | 0 cos(x+h) v B
2
3 s=inx )
= . d—4sinx
COSX COSX

=3secxtanx.—4sinx

(iv) Let f (x) = cosec x. Accordingly, from the first principle,

Page 34 of 68



Class XI Chapter 13 - Limits and Derivatives

Maths

f(x)=1lim St h)= /()

h—i} T

L 3 ] - ~ - ~ A
F(x)= lim p LLOSEL(.\ +h}—mseuJ

—

_ | |
= lim - ;
Bl I; 511 (,‘If +J|r1‘) s5mx
in oy si il |
=lim sin x —sin (x + 1)

Fe—ali

=] —

sin(x+h)sinx

.(r—x—hw
= 81n |

X+x+h
2c0s

E

—1'1111i - -
=l sm{.‘r [ J'r}l_-‘.ln X

oo (2x+h (B
-cos| ; sin | - |
=lim NP
B i sin{x+/)sinx

A

(2x+h
- usl

2 ).ll h

7
-

. h
sin|
l,‘.,_,

Eal

— i
. sin [_1: + f:-] sin x

f (2x+ i) L
L2 )

Cos s
2

=lim T [T "
=0l sin(x+h)sinx | 1, ("r-"]
) 2

% A L%

rd Y
—LCOs5 X
= ==X 1)
Sinxsinxy

= —COosecycory

A

(v) Let f (x) = 3cot x + 5cosec x. Accordingly, from the first principle,
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,  f(x+h)-[(x)
S'(2)= hm h
Y 3cot(x+h)+ Scosec(x+h)-3cot x - Scosec x
= lim
) h

=3lim %[cm (x+h)—cot .'r] +51im %[cnscc (x+h)- cosec ,r]

Now, liml [cut(,r+ h] —cot x]

=it

1 _C{}S(I-I—h} _4;:(}5.1‘]
o0 sin(x+h)  sinx

| _ms[x+ Jt)sin x — cos xsin {_r+f?}}
=0 h| sinxsin(x+h)

| i sin(_r—x—h} ]

bt i | sinxsin (x + h]

] sin(—h)
=0 b sinxsin(x+fr) |
.osinh | 1
=—| lim—— [.| lim— -
W= bt sin x-sin (x+ A1)

1 ~1 ]
:—], = - - _ 2. 2
Siin_r-fiin{x.q.ﬂ} sin? x cosec x { ]

()
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1
lim — [mscc (x+h)- coscm‘]

=il 1

=lim—| — : - .]
it fi | sin {.1:+f'.r} sinx

| [ sin .r—5in[x+h]]

=lim—| — :
i frl o gin {.1: + h)sinx

_,.I [1+.1‘+}'i) [.r—.r—ﬁ]
2cos -51n
2 2

o
= lim—

i fy sin (x+ /A )sin x
Fq {l‘l.‘+.n"}} . [ h]
ZCDs S| =
] 2 2
=lim— ; ;
ity sin( x -+ /r)sinx

=lim
et s+ fr)sin x

[21 + h] . [
—cos N 510
= lim - '

2
ol sin(x+ hr)sinx ‘ i [J'r?]

=05 Y _l
sinxsinxy )

= —cosecx cot x ~3)

From (1), (2), and (3), we obtain

/"(x) =—-3cosec’x — Scosec x cot x

(vi) Let f (x) = 5sin x — 6cos x + 7. Accordingly, from the first principle,
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)i DS ()

hi—db T

fi=pl)

=lim ;[isin{x +h)=6cos(x+h)+7-5sinx+6c0sx 7]

= Li_]}ﬂ%[i{sin {_‘r + J':'} —51n .T} - 6[::05 {x + J':'] ~CO8 TH

=5lim %I:Fiin{_‘-: +h)—sinx | -6 Eﬂ%[ma{x+ﬁr}—cm x]

Sl h-

LB ] _h-

1 x+h+x) . (x+h-x" . cosxcosh—sinasinfi—cosx
=5lim—| Zcos 5 sin > |—6lm1

r

" —cosx(l—cosh)—sinxsinf
=j|iml[2:os[2"'+h]sing}—ﬁlim[ A{ ) ! T

i h 2 Jr—sli h
51N h)
2x ) —cosx|l—cosh in xsi
=5lim cns[ \H?J 2 |-6lir { ( ) _sinxsinh
=0 2 h Ir—s1 .j'i"
2 )
qinh
. b TR
=5 Iinmns(“m-Hro lim— 2 |-6 (—cosx) lim 1 =S03% |~ si
Tr—sll \ 2 '3_,“ -||L|r Tr—all 1 )
’ 2

=5cos x. I—Er[[—cus.‘r}_[ﬂ}—sinx. I]

=5cosx+06sinx

(vii) Let f (x) = 2 tan x - 7 sec x. Accordingly, from the first principle,
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o
7(5) =t T I )
A=} 1

=lim : tm{ J’r] ?qec[ h:l 2tan x4+ Tsecx

h—sll h -~

. _l-.il.?. :,|73 {tdn( #f1)— tan .1'} ?{5&1:{.1‘ th) sacx}_‘

=2|.-.jm :}I:tsm x+h)~tan 1.] ?Lm& - I:qec{.r th) sec.r:l
)

5o 1| SO v+h)  sinx i L I I 1
2 — - —Th —
w0 fi| cos(x+h) cosx o0 il cos(x+h) cosx

ssin[.'f I frllcm;.'f ﬁin,\'cns[ﬂf [ fr]_ 71 | | cosx n:n’a[l: [ 4";]_
i fy cnsxms[,r [ h] ] a0 h COsX cm[ f?} ]

".‘r+x+h“' fx—x—h"
= —35|11[ SII1| ]
1| sin{x+#—x) 2 tien ] . o2 S 2
0 fy _ccrs.xms{:r +h)

i cosxcos(x+h)
o ‘~. r
o Zsin[ ! ' h
oy | [ sinh I _
=2hm | : —7hm—
0l h ) cosxcos (x4 I.i] ftr fy Cos n:m XA f!
I

t Al 2x+ )
sin /i ) | s ) sin 2
. & .l
=2| lim lim T him = || lim
Lo J] e cos xeos( v+ i) "o B 0 cosx cns{ + 1)

b, i 2 r L ]
1 sinx |
=21 — 7 l| _— |
COSXCO8X \ COSXCOSY )

b
2sec” x—Tsecxtan x

Page 39 of 68



Class XI Chapter 13 - Limits and Derivatives Maths

NCERT Miscellaneous Solutions
Question 1:

Find the derivative of the following functions from first principle:
(i) =x (ii) (=x)7* (iii) sin (x + 1)

5
cos| X ——
(iv) 8

Answer

(i) Let f(x) = -x. Accordingly, f(x+h)=—(x+h)

By first principle,

flx+h)="1{;
f'[x):“m [\:4‘- } [‘{}
] h
o —(x#h)=(x)
(=TI} h
. —x—-h+x
=1
hi—sd} h
= lim—
li—ik h
=}i|11[—]]=—l
-1
. 1 =1 _
flx)=(-x I=_:_ f{?’i"‘h)—.
(ii) Let { } { } —X X | Accordingly, {K+h}
By first principle,
fix+h)=1(x
f'(x) = lim (x+h)-f(x)
l—lb
1 =l [—I‘
=lim— - —
h—&ljh_x+h KJ
L
=lim— +—
W0 h| x+h x}
1| —x+(x+h)
=lim— ———=
h-*“h_ x{x+h]
. l_—x+x+l1
=lim— ———
h=ih| }:{x+h}]
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1 h
=|'|m— _—
h—i |y [x(x-{-h}]

1
—1i
e x(x+h)

(i) Let #(x) = sin (x + 1). Accordingly, | (X ) =sin(x+h+1)

By first principle,
Flx+h)-1f(x
f'(x)=Ilim (x+h)=F(x)

=l |'|

. .
:L]EIIIF 9.m[:~:+|1+|]—sm(x+l):|

1 X+h+l+x+1) , [ x+h+1-x-1
=lim—| 2cos sin

bty 2 2

1 2x+h+2Y . {h
=lim—| 2cos| ———— |sin| —

h >-|||'| 2 2

)

= lim| cos

h—s

b —ll

T |

2x+0+42 [ . sinx
=cos| ———— |1 lim =1

3 5 =l Y

=cos(x +1)

f(x)= cos(x —E]
(iv) Let 8

By first principle,

. Accordingly,

. 1
S]I\[—] -
:Iimcn!-{jx+2h+2]-|im z As h—}ﬂ:t»%l—:tﬂ:|

f{x+h}=cns[x+ h—g
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f{x+h)-f(x)

r(3)=1im
] il ( T i T
= lim— u:m‘.[x+h—— |—u:05[x——
h allh_ 3;‘ E,’
_ p ,
| |-‘+h_;+-‘*—n] x4h—"—x
— lim—| =2sin> sin 8
A= | 2 2
| b
i s
| 2:{+I1—E h
= lim—| =2sin 4 SN —
i b 2 2
_ ) P
Ix+h-= SlnI%I
= lim| —sin 4 )
h—#li 2 (E]
- . \'2
[ , - (h
2x+h-— -‘5""[— h
=lim| =sin| —— | |.lim : [As h—r{J:>——1-{J}
h—s0 2 by [h) 2
| = 3)
i
2.‘;4—1}—_—
=—smn| —— [.1
2
s
. T
:—5|n| X - |
L8

Question 2:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (x + a)

Answer

Let f(x) = x + a. Accordingly, f[x+h] =xt+h+a

By first principle,
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x+h)- 11
_J‘”{.r}—&im flx+h)-1(x)
h—s i h
. o xt+h+a—-x—a
=lim
d—l0 1
F b
=lim EJ
.ll—:-ll,\h
:Iim{l}

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

{;J.t+q][£+.¢]

and s are fixed non-zero constants and m and n are integers): X

Answer
Let f(x)=(px +q][£+.f;]
%

By Leibnitz product rule,

.a f I '\,' [ i ¥
S/(x)= (;.J.T+cj]|l —s | +| i+ s |(px+q)

b

:{nrhﬂﬁw”+5y+[£+x[p}
1 r
=(px+q)|—rx" +[—+.-]
(px q}[ rx ] r a.p
."'_.'-. L. Y
:{;:ll'rq” L Y (R \p
[ N & ;
X X X
= ps t}”:'
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Find the derivative of the following functions (it is to be understood thata, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (ax + b) (cx + d)?

Answer

Let flx)= (ax+b)(cx+ {f}:

By Leibnitz product rule,

S'(x)=(ax+b) t:l (ex+ r:.")'w +(cx + u"}- jr (ax+b)
ax ) ax

1

= (ax +.ﬁ]i(r."'.1': +2cdv+d*) +{cx+d) i{ff.‘ﬁ"l‘b}

Fris ! dx
{5 . d d . [ d d |
—(ax+b) X )+ 2edv)+—d |+Hlex+d) ax +—h
(¢ )Lh( ] c;l".\'{ cckv) el :| { ) |:|:x':r dv |

= (ax+ h][zcl.‘r-- 2{(1’)-- [L".'l.' +d’ ]fr

=2c(ax+b)(cx+d)+a(cx+d)

Find the derivative of the following functions (it is to be understood thata, b, ¢, d, p, q, r

ax+h

and s are fixed non-zero constants and m and n are integers): cx+d

Answer

ax+h

fx)=

Let . ex +d

By quotient rule,
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f(x)= {u,r+d]i_(m‘+b}—{ax +b) i(m +d)
o (ex+d)

_ [cx + d){a}—(a,}- +fl)[c]

(ex+d)
_aex+ ad —acx — bc
{r:.‘r+d]:
(cx+d)

Question 6:

Find the derivative of the following functions (it is to be understood thata, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers):

I+
X
1
| —
X
Answer
I x4+
1+ : -
Let_f'(x}: {‘ = T{] = .r— . where x =0
'I_ - ¥
X X

By quotient rule,

: [_'r—l};;_{x+1}—{J.‘+I];i(.1'—1}. o
li:::—l:l3

0G0
(v
:—x—l—x‘—1 Lx=001
(v-1)

-2

(x -1y

1'(x)

x|
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Find the derivative of the following functions (it is to be understood thata, b, ¢, d, p, q, r

1
i
and s are fixed non-zero constants and m and n are integers): @x" +bx+c
Answer
. 1
flx)=—F——
Let ax” +bx +c¢

By quotient rule,

(m': +bx+ c} d (1)- d {f]‘.T: +b1‘+{’}|
lf.l(‘(_:' - i e

{(.Lr: + by + c':}:

(m': + bx +r]{[}]— 2ax+b)

(m': +hx+c }:
- I:Er.r:r + b]

{m': + bx +c'_]_

Find the derivative of the following functions (it is to be understood thata, b, ¢, d, p, q, r

ac+h
and s are fixed non-zero constants and m and n are integers): P* T4¥+r
Answer
. ax +h
Let f(x)= —2*0
pXT+gx+r

By quotient rule,
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(px* +qx+r) :r{ux +b)—(ax+b) i (px* +qx+r)

f(x)= :
/(%) {;}.‘l::+qx+r)_

(;}x: +agx+ r](a)—{m+h}{2px+qr)

(px: +gx+ r]:

apx” + agx + ar —2apx” — agx —2hpx — bg

(P-T: +qx+r):

—apx® —2bpx + ar —bg

(p:r: +gx+r }_

Question 9:

Find the derivative of the following functions (it is to be understood thata, b, ¢, d, p, q, r
,l';lx2 +gx+r

and s are fixed non-zero constants and m and n are integers): ax+b

Answer

Lel_f'[x} _pxtgatr

ax + b

By quotient rule,

{ 7 2 i
v +b) o pxt +gerr)—(pxt Fgetr b
(e ]fh_{pr +aqu+r)—(p r.‘,]|"f+|fJ££T[l.’LT+ )

f'(x)=

(ax+ b)
(ax+b)(2px+q)- [p:rJ +gx+ r}{u]
) (ax +b)
_ 2apx” + agx + 2bpx + bg — apx”™ — agx — ar
(ax+b)

apx” +2bpx + bg — ar
{ax + f:r]-j
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Find the derivative of the following functions (it is to be understood thata, b, ¢, d, p, q, r

a b
—J——_.,+Cﬂﬂ.r

and s are fixed non-zero constants and m and n are integers): ¥ &

Answer

y h
Let/(x)= (_:_T+ COS X
X X

T A

T dx ? el ) dy

di o dy oo d
=u X )=h )+ cosx

t{e’.\‘{' ) u’.'.‘( ) n{r{ )

5 3 . / / .
=a|—4x7)=b( 257" )+ (-sinx) [{— ") = nx"'and - [cuﬂ.x-]z—s.m.r]
cv alx

—da  2h
=+ —sinx

X X

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): Wx-2

Answer

Let/(x)=4Jx -2

ax el
Yy ¢ |
=4i[v! |—ﬂ=4|13. ]

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): (ax + b)"

Answer
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Let f(x)=(ax+b)". Accordingly. f (x+h)={a(x+h)+b} =(ax+ah+b)’

By first principle,

f'(x)=1lim flxth) =1 (x)

h—sil h-
. Nax+ah +h]"' —(ax + h)ﬂ
= lim
.'lIIrI:- h
ho Y .
) |1+ —(ax+bh
:"m[m }[ cr.1'+h) (ax+h)
Bl h
(1+ il jn—l
ax+h

=(ax+h) lim
( ) B0 h

l -1 :
=(ax+b) llml I-Hr[ ah ]-{-ﬁ(” }[ ah ] +.p—1
Bl g ax+h |2 av+b

(Using binomial theorem )

[ ah J+H{H—I]H£h!

ac+h |_2{u_1; +,|‘:]J

n - ]. a = a
=(ax+h) lim—| n +...(Terms containing higher degrees of /)

bt f
:(u:l.'+h]“ lim| — 4 - ]}ﬂjh T
=il {.:.r_l‘+e"} |2{c.r.1f +h }_

= {ﬂ'.'l.'-l-h‘]“ [{L:i b) + D:|

[{.r.r+h}”
(e + h)

= M

= nat ( ax +h}” :

Question 13:

Find the derivative of the following functions (it is to be understood thata, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (ax + b)" (cx + d)”
Answer

fx)=(ax +b}“ (ex+d)

rH

Let -
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By Leibnitz product rule,
F(x)=(ax+b) %{L‘I +d) +(cx+d)" %[a.r+ h) (1)
Now, let f; (x)=(ex+d)"
f(x+h)=(cx+ch+d)"
fi(x+h)= £, ()
h

£ (x)=1lim-

Je—wli

(ex+ch+d) —(cx+d)"
h

={|:'.1'+c.":|"” ]iml (I+ ch ] -1
i—+0 fy v+

. [ - —1 i’
=(ex+d) l,iml [I+{ ek +m{m ) | ) +.__J—]}

=0 fy ex+d ) 2 (cx+d)

= Iim
Hr—d]

+...( Terms containing higher degrees of /1)

o : el
= (ex+d) ]-"“l mch +m[m ]{ ﬁ;
cuh| (extd)  2(ex+d)

— [("'I._+|'-rl.l)m lim me! + 'I”{m - 1}{::'“ +
4 bl [.’_’,‘L‘+EJ"} 2[{,‘.\“"("'}3

(e [ 2]

ex+d

B mc*( ex el }'"

(cx+d)
= me(cx +d } :
i{u +fa’] mc(t’x+ u’]MH (2}
dx
Similarly. d_f (ax+b)" = na(ax +h)" .(3)
"

Therefore, from (1), (2), and (3), we obtain
I(x)=(ax+b) [mc[cx+ ﬂ"]lm_l } +ex+d)" {nu{m‘+b}“_|}
=(av+b)"" (ex+d)" [mc ax +F}]+mr[w+d}]
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Find the derivative of the following functions (it is to be understood thata, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): sin (x + a)

Answer

Lot f(x)=sin(x+a)

flx+h)=sin(x+h+a)
By first principle,

£() = tim L3~/ (0)

fa—i} h
. sin(x+h+a)-sin(x+a)
= lim
f—ald JI!-
1 (x+h+a+x+a)l . (x+h+a-x—a)
= lim 2{;05| sml
Sl h \ 2 . 2 J
1 (2x+2a+hY . [ h)
= lim—| 2 cos| -Jsm |
h—+ h | 2 L 2).
(R
51N |
: (2x+2a+h) L2 )
=lim| cos | -
Ni=ndi . 2 J .||II""
sin[ — -
. 2x+2a+h . | | h
= lim mﬂ( lim e Ash—=0=—- =10
IEy] 7 ] { h 1 )
LY e )':—o-ll | i | L e
\2)
'l . A B - .
2y 4+ 20 - 1 L W
oS x| lim |
2 ¥y

=cos(x+a)

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): cosec x cot x

Answer

Lot (x) = cosec xcot x
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By Leibnitz product rule,
' (x) = cosec x(cot x) +cot x(cosec x) (1)
Let f; (x) = cot x. Accordingly. f, (x+h) = cot(x+h)

By first principle,
filx+h)— £ (x)

-’flr(ﬂ - !'_].n h
. cot(x+h)—cotx
T f',l‘
_ cos(x+h) cns:r]
=|H'I:II —— -
0 bl sin(x+h)  sinx

=lim— _ :
[y sinxsin(x+#)

| i sin(x—x-h) ]

sinxsin(x+h)

I 1| sin(—h)

=——lim—| ——~

sinx =0 | sin(x+h)
-1

osinh | ]
=——— | lim lm——
sinx L=t h h=0 510 {_T+ h}

-1 1
L
sinx [sm{xﬂl)]
-1

sin° x

I [ sinxcos(x+h)—cosxsin(x+ fr}}

=lim

f=nil I

ey

= —cosec’x
»(cot x) =—cosec’x (2)
Now, let f,(x) = cosec x. Accordingly, 1 {I+ h] - c-:-se-:[:c+ h}

By first principle,

f;{ﬁ.]l lim f:[‘(+f?]— 1 {x}

fi—l) j'?

= lim l[coscc (x+h)-cosec x]

fe—»l}
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I
= lim _
0 fr ) osin(x

|
+h) sinx

| | sinx—sin (x+ h]

= lim—| — -
i sinxsin(x+ )
5 X+ x+h | x—x—h)
cc-s| sm|
T 2 ) 2 )
Jim—
SINX sm{_\' . hj
2x+ 4 . h
"cc-s| SIn
|| 2 ) 2
—— lim—
sinx o fy sin(x+h)
e (2x+h"
, sin| L'cls;| N |
= lim . "w.—/'l .'\ &~ /
sinx fo0 fq sin{x+/h)
\22
(h 2x+ k)
sml | ms |
| - 2 2 )
= lim == lim
- 3
sin.x oo | q st sm{Hh}
2
N e
20400
COS |
1 | 2

sin X sin(x+0)

-1 cosx

5IMY SINX
=—cosecy.cot

L}

X

c.(cosec x) =—cosecx cotx -(3)

From (1), (2), and (3), we obtain
"(x) = cosec x(—cosec’ x| + cot x(—cosec x cot x)

1 il
=—C05eC X —Ccol” X cosec x
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Find the derivative of the following functions (it is to be understood thata, b, ¢, d, p, q, r
COs X

and s are fixed non-zero constants and m and n are integers): |+sinx

Answer

flx)=

Let ! _]+Sin.\'

COs X

By quotient rule,

| +sinx d cos x)—(cos x d | +sinx
__f"{.\'}:{ ]fiﬁ'{ } ( de{ ]

(1+sinx)’

_ (1+sinx)(—sinx)—(cos x)(cos x)

-

(1+sinx)
—sinx—sin” x—cos” x

(14 :-;in.r}?

—sinx— {sin: X+Cos x]
{] : 5in_r]

—sinx—|

"

- (1 +sinx]:
_—(1+sinx)
- {l+5[n,r]:
]
={I+s[n.r)

Find the derivative of the following functions (it is to be understood thata, b, ¢, d, p, q, r
5in X + COS X
and s are fixed non-zero constants and m and n are integers): SIN.X—C0SX
Answer
. sinx+cosx
Let ¥ Sinx—cosx

By quotient rule,
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SINX — COs X SINX+Cosx)—(sinxy+cosxy SINX—COsS X
) i . . d ..

r (T} _ . dx

[F.in X —C0s _‘r)

~ (sinx - cos x)(cos x—sinx)~(sinx +cos x)(cos x +sinx)

(sinx - cosx)’

~(sinx —cosx)” —(sinx+ cosx)

(sinx - cosx)’

—[sin' X4 C08 ¥ —28INXCOSX +S8iN" ¥+ COs X+ 2sin IEI}S.‘{']

{Ni]'l X—COS 1‘}:
~[1+1]
(sinx—cos x)’
2

(sinx —cos .1-):

Question 18:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
secy—|

and s are fixed non-zero constants and m and n are integers): Secx+I

Answer

[x}— secxy —|

Let secx+1
|
f(x)= cosx  _ l-cosx
1
+1 1+cosx
COS X

By quotient rule,
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(1+cosx) d (1-cosx)—(1-cosx) d (1+cosx)

f(x)= dv iy

(l Foos 1‘]:

{1+ cosx)(sinx)—(1- (im' x)(—sinx)
(1+cosx)

_SINX A+ COS X SIN X+ SIN X — S0 X COS X

(1+cosx)’
~ 2sinx
_{I+ms_r}:
2sin x 2sinx
_|f]| 1 ] ~(secx+1)
. SECX sec” x
2sin xsec ¥
. (secx+1)
2sinx e
COS X
(secx+ I):

B 2secxtlan x
(secx + 1}:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): sin” x
Answer
Let y = sin” x.
Accordingly, forn = 1, y = sin x.
dy . .
S - =CO0SX, L, —SINX=Ccosx
dx dx

Forn =2, y = sin? x.
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dv d
.',;=—{51n.1;5|nx}
dv  dx
=(sinx) sinx+sinx(sinx) [B}' Leibnitz product I'Lllr'::]
= COSXSiNX+sinxcosy
=2sinxcosx (1)

Forn =3, y = sin® x.

cdy _d o

..E=E[mmmn :.]
=(sinx ) sin” x +sin x(sin’ x) [ By Leibnitz product rule]
= cosxsin” x+sin x(2sinxcos x) [Using [l]]

= cosxysin’ x+2sin’ xcosx
= 3sin’ xcosx

d ;. a0 . {m-1}
— | 51N IJ=HE§IH XCO5 X

We assert that ¥
Let our assertion be true for n = k.

d ;. k . [k-1)
— 5 X =k_ 1 ¥ g . 2
e m{am 1} sin" ' xcosx (2)
Consider
(sin*'x)= d (sinxsin’ x)
dx dy '
= (sinx) sin* x+sin x(sin* x}r | By Leibnitz product rule]
= cosxsin’ ¥ +sin x(a’f sin"'“xcos.\-) [Using (2)]

=cosxsin’ ¥+ ksin® xcosx
=(k+1)sin" xcosx
Thus, our assertion is true forn = k + 1.
d ;. | .
—(sin” :r:] = nsin'” ™"
Hence, by mathematical induction, dx

XCO5X

Question 20:
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Find the derivative of the following functions (it is to be understood thata, b, ¢, d, p, q, r
a+hsin x

and s are fixed non-zero constants and m and n are integers): c+dcosx

Answer

Letlf[x}: a+hsin x

c+dcosx

By quotient rule,

(c+d uus.x]%[:.w bsinx)—(a+ bsin x]i(c +d cos x)

()= dx . dx
S) (c+dcosx)
_(e+dcosx)(beosx)—(a+bsinx)(—dsinx)

(e+dcosx)

cheosx + bd cos” x + adsinx + bdsin” x

Y

[{' + ¢l -::1:5_1:}

N 2 - )
hecos x+ ad sin x + hd(cuﬁ' x+sin” 1}

(c+dcos .r}:

_becosx+adsinx+bd

(c+dcosx)

Question 21:

Find the derivative of the following functions (it is to be understood thata, b, ¢, d, p, q, r

sinfx+a)
and s are fixed non-zero constants and m and n are integers): cosx
Answer
. sin{x+a
f(x)=2nlxta)
Let COS X

By quotient rule,
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dr. . o
COS X a[sm{x+a]] —sin(x+ a}a COS X

f'(x)= cos’ x
Cos x f—;[sin (x +a}] —sin(x+a)(—sinx)

fi(x)=—"~— ; e (D)

cos” x
Let g(x)=sin(x+a). Accordingly. g(x+h)=sin(x+h+a)

By first principle,

g(x+h)-g(x)
h

g'(x)=1lim

fa—sll

_]1111—[sm x+h+a)-sin(x +u

Jr—ld

—I]]ﬂ—[? (
= \
i
A

2x+2a
—|]]TI— 2o
2

1+h+a+1+a] [r+h+a— ¥ cr]]

#

L]

L.111
. [EJH- 2{?+Ir }
=lim/| cos 5

A
f?x+2&+h1| m"[zJ

=l|n]]:l|‘|| C{:HL 5 ,,LI_I.“ fﬁ _
: LE
2x+2a [ sinh
=| Qo8 % | lim——=1
2 i
=cos(x+a) (i)

From (i) and (ii), we obtain

7'(x)=

_cos(x+a—x)

cos x-ca’.}s{x +a] + 5in x.*;in{x + a}

COs™ X

=
Cos™ X
COsa

3
CO5™ X

Aﬁh—}ﬂ:}ﬁ—}ﬂ}
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Find the derivative of the following functions (it is to be understood thata, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): x* (5 sin x - 3 cos x)

Answer

Let S(x)=x"(5sinx—3cosx)

By product rule,

7'(x)=x" i[ﬁﬁi]'l x—3cosx)+(Ssinx _"icm:l.']i(.t')
' dx dx

x ["ﬁi{ sin x) —3i{c05_r]} +(5sinx—3cos m]i (x')

dr edx dx

x! [5 cos.x —3(-sin \]] +(5sinx—3cos ,1-}(4.1":}

= x'[5xcos x+3xsinx+ 20sin x—12cos x|

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (x> + 1) cos x

Answer

(x) =" +1 X
Let'”r} (x*+1)cosx
By product rule,

flx)= (_1"' | ]}t—j_{fnsx} PCI[‘.IH.T%(A"I | ]]

iy

- {J;-“ + I}[—sin.r}+ cos x(2x)

=—x'sinx—sinx+2xcosx

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (ax® + sin x) (p + g cos
X)

Answer

Lot fx) :{cm:' +sin .r]{p+qc05,1‘]

Page 60 of 68



Class XI Chapter 13 - Limits and Derivatives Maths

By product rule,

flx)= [m“' +sin .ﬁ:]i—f(p +geosx)+(p+gcos x];—f(r.r':: +sinx)
dx dlx

- (f:ﬁ:2 +sin .r}[—q:-;in x)+(p+qceosx)(2ax+cosx)

= —gsin _r(m': +sin .'H') +(p+geosx)(2ax +cosx)

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

: . x+cosx || x—tanx
and s are fixed non-zero constants and m and n are integers): [ H }

Answer

Let f(x)=(x+cosx)(x—tanx)

By product rule,

J'(x)=(x+cosx) d (x—tanx)+(x—tanx) d (x+cos x)

dx dx
d d ' .
={.T—l:£}5.1']\‘ (x)——(tanx) |+ (x—tanx)(1-sinx)
dx dx ]
(x+ cn:;.t][l - ;i tan .‘E:|.—I:.‘E —tanx){1-sinx) 1)
dx

Let & (x)= tanx. Accordingly, g(x+h)=tan(x+h)

By first principle,
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gi(-‘-—} =lim g(""—+ h} —j;’{.’l.‘]'

[tan{.rﬂr}—taux \‘|
h Y.

i ] sin(x+h)  sinx
h+it fy _cos{xﬂ'r} Cos X

=lim

=l

=lim—
0 fy COs ( x+ h)cosx

L 1| sin(x+h- x)
Jdim
cosx k| cos(x+h)

| 1 I sin f
= .I]]TI— —_—
cosx i i| cos(x+h)

1] sin{x+h)cosx—sinxcos(x+ h)}

. ¢

C . sinh)
| lim |
cosxy et fy )

= : 1. :
cosx  cos{x+0)
1

COS™ X

A
]im;
=0 cos(x+ )

Y

=sec’ x (i)

Therefore, from (i) and (ii), we obtain

Flx)=(x +c05x](] —sec’ x)+(x—tan x)(I1-sinx)
= (x+cosx)(—tan” x)+(x - tan x)(1-sin x)

= —tan” Jc[x+ms;x]+{x— tan .r]{l —5in Jc]

Question 26:

Find the derivative of the following functions (it is to be understood thata, b, ¢, d, p, q, r
dx +5sinx

and s are fixed non-zero constants and m and n are integers): 3¥+7cC0sx

Answer
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dx+55inx
flx)=r———

Let Jx+Tcosx

By quotient rule,

(3x+7cosx) d (4x+5sinx)—(4x+5sinx) d (35 +7cosx)
F'(x)= = 5

(3x+7cosx)’

3x+Tcosx)| 4 d x)+3 d sinx) [—(4x+5smx) 3 d x+7 d COs X
dx e frhy dx

X X

(3x+7cosx)’
(3x+Tcosx)(4+5cosx)—(4x+5sinx)(3-Tsinx)

(3x+7cosx)

~12x+15xcosx+28cosx+35c0s” x—12x+28xsinx —15sinx+35sin” x

(3x+7cos _T}:

[5xcosx+28cosx+28xsinxy—15sinx+35 (msz xX+sin” x)

(3x+Tcosx)
3 35+ 15xcosx+28cosy+28xsinx—13sinx
(3x+7cos x]z

Question 27:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers):

2 i
X COs
5)

sin x

Answer

, 3
.r“cos[4]
() =
Let /(%) sin x

By quotient rule,
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sinx d {_v:} x° d

S I o~ X
S(x) 0054,

= [sin :r]

sin” x

. »
T sinx-2x—x cosx
=Ccos—. —
-4 sin” x

n .
X CO0s [EEIHI—.‘{‘CDRI]

gin” x

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

X
and s are fixed non-zero constants and m and n are integers): |+tanx
Answer

X
X)=

Let / ) | +tan x

(1+tan x) d (x)—x d (1+ tan x)
f'(x) = dx dx
' (1+tanx)

(] . umx] x- ur‘“ i tan.r]
7'(x) dx . (D)

(1+ tan :I:):

Let g(x)=1+tanx. Accordingly, g(x+h)=1+tan(x+h).

By first principle,
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g(x+h)-g(x)

g'(x)=lim
I +tan(x+/h)—1—tan:
=|im|: {1' ') T}
h—sld h

= lim—
=i fp m&;{x | h:l COs X

1 _Hiﬂ{l'+h} B sin,r}

= lim —

1| sin(x+#)cos.x—sinxcos(x+h)
k| cos(x+h)cosx

I sin(x+/ —.'r} |

1
=lim—
h—lh u<:5{x+h)cusx

sin fr

=lim—
b+ fi| cos(x+h)cosx

; 5 s
fosinh L I
=| lim | lim
L= k)| cos(x 4+ A)cos x )

=1= =sec X

3

COs™ X

:::i{l+tunr]:seu31' . (i)
v

From (i) and (ii), we obtain
_ I+tan X —xsec x

f'(x)

(1+tanx)’

Question 29:
Find the derivative of the following functions (it is to be understood thata, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (x + sec x) (x - tan x)

Answer
Let S (x)=(x+secx)(x—tanx)

By product rule,
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F(x)=(x+sec A’}%[I—lﬂl‘l x)+(x—tan A‘}%[A’+Stt.‘r}
= {x+sccx}[£{x}—%tan x}+{x—tanr][%[1]+%sccr}

={x+sec x}[l - iran x:|+i:x— tan x][l - iscc x}
dx dx
Let f,(x)=tanx, f,(x)=secx
Accordingly, f,(x+#)=tan(x+h) and f, (x+h)=sec(x+h)

o=t Hr = 50)

Tl

_ “m(tan(ﬁ h)—tan_ﬁ;]

Ji—pid h
| tan(x+h)-ta
=!"’-ﬂ[ an(x h] nx}

[ sin(x+h) - sinx
=0 h| cos(x+h) cosx

1] sin (x+h)cosx —sinxcos(x +I.=]}

=0 h | cos(x+ h)cosx

1] sin(x+h-x) |

w0 h| cos(x+h)cosx |

sin fr

=0 h| cos(x+h)cosx

[ . sin hJ . |
=| hm——1[| lim
i h )L o0 cos(x + ) cos x

1

4
cos" X

=1x =sec’ x

d N .
= —tanx =sec” X )
dx
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y [1‘+.|"} A {
1. —lllll[
T { ) h—adh ij
~ (sec(x+h)-secx
:||11|| ( ]
I.'—'olllk h- |
o 1
=lim— -
=il cos(x+it) cosx
_C{)S.'—C:}S T+
= lim ! (1 “}
o | cos(x+h)cos x
I n o {.\'+.1'+J'?] ) [.\'—.\'—ﬁ“
—2sin -811N
| 2 ! \ 2 )
= Jdim— - '
cosx 0 i cos(x+#)
| Y ei ['2.\'+f:“ ) [’—a’i“
—2sin -sin
| 1 .2 ) L2
= Jim—
cosx B0 fi CGS{-‘L‘“’J
l.smr h ]
i 2x+h l 2
2 \' h (
1 , 2
= Jim l
cosy Hi0 cos(x+h)
) K'Ilr_\
. sin
[ (2x+h) { L;},”
< lim 5111| | l im
Ll’r sl L 2 J 1} ,il_}
’ 2
=gecy. ,
limcos(x+/)
sim x|
=seC
Cos Y
e
= —secy=secxytanxy . . (1)
e

From (i), (ii), and (iii

), we obtain
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£'(x) = (x+secx)(I—-sec” x)+(x—tanx)(I+secxtan x)

Find the derivative of the following functions (it is to be understood thata, b, ¢, d, p, q, r

¥

& M
and s are fixed non-zero constants and m and n are integers): S %

Answer

. X
flx)=—
Let sin” x

By quotient rule,

| d .,
sin xd X—x 7 sin” X
- ' el
'f"{-v}: : 26
sin” x
d L = -l
—sin” ¥ =psin” xcosx
It can be easily shown that dx

Therefore,
- i 'uI + #
sin"x- - x—x-sin’ x

If'a{x}: Il.jl_‘lll.‘1 — {er
51 X

sin”x.1—x (n sin""' xcos :r}

sin x

sin”™”! X{Hi]'l. X — HX COS .'r}

- =X
b1 N -
~ SINX — Ry cosx

ool

s1n X
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