Class XII Chapter 5 - Continuity and Differentiability

Maths

Exercise 5.1

Question 1:

x)=5x-3

Prove that the function ! { is continuous at* = %atx =

Answer

The given function is,,i"'{x) =5x-3
Atx=0,f(0)=5%x0-3=3

lim £ (x) =lim(5x~3)=5x0-3=-3

s lim f'(x)= £ (0)

Therefore, fis continuous at x = 0
Atx=-3,f(-3)=5%(-3)-3=-18

lim f(x)= 1imj_5x—3)= 5x(-3)-3=-18
s lim f(x)= f(-3)

Therefore, fis continuous at x = -3

Atx =35, f(x)= f(5)=5%x5-3=25-3=22
llin'}f(x}= lim (5x-3)=5x5-3=22

s lim f(x) = £(5)

Therefore, fis continuous at x = 5

Question 2:

Examine the continuity of the function I,r"{.r} =2¢' -latx=3 .
Answer

The given function i.v.f{x} =2x" ~1

Atx = 3,|f'{x}=_f{3]= 2x3 -1=17

lim £ (x) = lim (22" ~1) = 2x3* ~1=17

Slim £ (x)= £ (3)

Thus, fis continuous at x = 3

—3and at x = 5.
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Examine the following functions for continuity.

. ) = X ES
oy F(0)=x5  T()= 50
_ _1:1— 5 e _
© flx)= —y VX # j(d) F(x)=|x-5
Answer
=x—3

(a) The given function is"f {T]
It is evident that f is defined at every real number k and its value at kis kK — 5.

lim f(x)=lim{x-5)=k-5=f(k
It is also observed that, **t () .L—u{r ) A )

Slim flx)= Sk
lim f'(x) = 1 (k)
Hence, fis continuous at every real number and therefore, it is a continuous function.
o ]
flx)=——,x25
(b) The given function is X—2
For any real number kK # 5, we obtain

o . 1 1
lim f(x)=lim =—
Tk " e -5

Also,f{k}=ﬁ (Ask#3)

sAim f(x)= (k)
I—wE :
Hence, fis continuous at every point in the domain of f and therefore, it is a continuous

function.

flx)=" JX#E=S
(c) The given function is X+35

For any real number ¢ # -5, we obtain
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- +5)(x—5
)=t "5 = i D) (3 9) e

Also, f (c)= e+ i({l ) =(c=5) (asc#-5)
wlim £ (x) = f(c)

Hence, fis continuous at every point in the domain of f and therefore, it is a continuous

L

function.

S—x, ifx<5

F)=le=51={ 5 e
(d) The given function is T x=o

This function f is defined at all points of the real line.

Let c be a point on a real line. Then,c<50rc=50rc>5
Casel:c<5

Then, f(c)=5-c¢

lim f(x)= hr'n (5-x)=5-¢

K=

]11]1 flx)=flc)

Therefore, fis continuous at all real numbers less than 5.
Casell:c=5

Then, /(€)= 1(5)=(5-5)=0

lim f(x)= xi_l:f}(ﬁ—,'l.‘} =(5-5)=0

lim f(x)=lim(x-5)=0

l_im _,f'[x} I_im_ _f'(.r} _f'{{'_}
Therefore, fis continuous at x = 5
Caselll: c>5

Then, [ (c)= f(5)=c-5

lim f(x)=lim(x-5)=c-5

sim f(x)= 1(e)

K=

Therefore, fis continuous at all real numbers greater than 5.

Hence, fis continuous at every real number and therefore, it is a continuous function.
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) (x)=x", . . N

Prove that the function / { ] is continuous at x = n, where n is a positive integer.
Answer

The given function is f (x) = x”

It is evident that f is defined at all positive integers, n, and its value at n is n".

Then, lim f(n)=lim(x" )= n"

Iin!j'[.r] = f(n)

Therefore, fis continuous at n, where n is a positive integer.

Is the function f defined by
x, ifx <l
5, ifx =1

f(x)=

continuous at x = 0? At x = 1? At x = 2?

Answer
o x, ifx =<l
F)=1s ix s
The given function fis 5 X
Atx =0,

It is evident that f is defined at 0 and its value at 0 is O.

Then, lim /(x)= limx=0
a—+l ’

a—+l

~lim f(x)= £(0)

o]
Therefore, fis continuous at x = 0
Atx =1,

fis defined at 1 and its value at 1 is 1.
The left hand limit of fat x = 1 is,

lim f(x)=limx=1

x—+l

The right hand limit of fat x = 1 is,
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lim f(x)=1lim(5)=5

K=l =]
Solim S x) s lim f(x
r—+] f[: :l ] J'l[ }
Therefore, fis not continuous at x = 1
At x = 2,

f is defined at 2 and its value at 2 is 5.
Then, lim f(x)=1lim(5)=35
s lim £ (x) = 1(2)

Therefore, fis continuous at x = 2

Find all points of discontinuity of f, where f is defined by
. 2x+3, ifx=2
flx)= ..
2x-3, ifx=2
Answer
. 2x+3, ifx=2
fx)=

The given function fis . 2x-3, ifx>2

It is evident that the given function f is defined at all the points of the real line.

Let c be a point on the real line. Then, three cases arise.
(c<2

(i)c>2

(iii) ¢ = 2

Case (i)c < 2

Thcn.j'[c] =2c+3

1\[[‘!‘],{(1}= ]L_ir'n_ (2x+3)=2c+3

s lim f (x)=f(c)

Therefore, fis continuous at all points x, such that x < 2

Case (ii)c > 2
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Then, f(¢)=2c-3
lim £ (x) = lim (2~ 3) = 2¢ -3

N—h

sim f(x)=1(e)

K=

Therefore, fis continuous at all points x, such that x > 2
Case (iii) c =2

Then, the left hand limit of fat x = 2 is,

!qu fx)= Lli-w (2x+3)=2x2+3=7

The right hand limit of fat x = 2 is,

lim flx)= lim (2x-3)=2x2-3=1

It is observed that the left and right hand limit of f at x = 2 do not coincide.

Therefore, fis not continuous at x = 2

Hence, x = 2 is the only point of discontinuity of f.

Find all points of discontinuity of f, where f is defined by
[|x[+3,ifx <=3
flx)=1-2xif-3<x<3
bx+2,ifx=3
Answer
x| +3=-x+3, ifx<-3
flx)=1-2x,if-3<x<3

_ _ . bx+2, ifx=3
The given function fis

The given function f is defined at all the points of the real line.
Let c be a point on the real line.

Case I:

If ¢ <3, then f(c)=—c+3

lim f(x)=lim(-x+3)=~c+3

]I_illt;l flx)=f(c)
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Therefore, fis continuous at all points x, such that x < -3
Case II:

If ¢ =3, thenf(-3)=—(-3)+3=6
..linl fx)= Iinl (-x+3)=—(-3)+3=6

lim f(x)= lim (-2x)=-2x(-3)=6

slim f(x) = £(-3)
Therefore, fis continuous at x = -3
Case III:

If —3<c¢<3, then f(c)=—2¢and lim f(x)=lim(-2x)=-2¢

sim f(x)=1(e)

Therefore, f is continuous in (=3, 3).

Case 1V:

If ¢ = 3, then the left hand limit of fat x = 3 is,
lim flx)= lim (-2x)=-2x3=-6

The right hand limit of fat x = 3 is,

lim ,f"{,r_} = !]_[ﬂ {(u-+ 2)=6x3+2=20

A—#3

It is observed that the left and right hand limit of f at x = 3 do not coincide.

Therefore, fis not continuous at x = 3
Case V:

If ¢ >3, then f(c)=6¢c+2 and |i1:r_1_f(x)= Iilzj.{ﬁx +2)=6c+2
]llrn f(x)=r(c)

Therefore, fis continuous at all points x, such that x > 3

Hence, x = 3 is the only point of discontinuity of f.

Find all points of discontinuity of f, where f is defined by
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f(x)= @ ifx=0
0,ifx=0
Answer
f(x)= @ ifx=0
The given function fis 0, ifx=0
r<0=|x=-xandx>0=|x]=x

It is known that,”

Therefore, the given function can be rewritten as

|'i|—_—"'——1if.r<u
x X

fx)=40,ifx=0
H=—=l, ifx=0
X X

The given function fis defined at all the points of the real line.
Let c be a point on the real line.

Case I:
If e <0, then f(c)=-1
1.[""?-”*"} =lim(—1)=—1

X i

sim f(x)= 1 (c)

Therefore, fis continuous at all points x < 0
Case II:
If c = 0, then the left hand limit of fat x = 0 is,

lim f{.r]—]im (-1)=-1

K3l

The right hand limit of fat x = 0 is,
lim f(x)=lim(1)=1
K= =l

It is observed that the left and right hand limit of f at x = 0 do not coincide.

Therefore, fis not continuous at x = 0
Case III:
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If ¢ >0, then f(c)=1
lim /(x) =Tlim(1) =1

sim f(x)=1(e)

Therefore, fis continuous at all points x, such that x > 0
Hence, x = 0 is the only point of discontinuity of f.

Find all points of discontinuity of f, where f is defined by
X o,
B J—, ifx<0
f(x)=1 M
l— I, ifx=0

Answer

J'—" ifx<0

"
[

f{-"]:l
-1, ifx=0

The given function fis
< X =—
It is known that, ¥<0= M v

Therefore, the given function can be rewritten as

X

_ o Lifx<0
f(x)=1{l —x
-1, ifx=10
= f(x)=-1forallxeR

lim f(x)=lim(-1)=-1

Let c be any real number. Then, *— ro
Sfle)=-1=lim f(x)

Alsol AL ‘

Therefore, the given function is a continuous function.

Hence, the given function has no point of discontinuity.

Find all points of discontinuity of f, where fis defined by
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£(x) [x+1, ifx=1
X)l=4 .
/ | +1, ifx <1
Answer

L [x+Lifxzl
/ [.r]:l e
The given function fis X I

The given function f is defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I:

If c <1, then f(c)=c’+1and lim f(x)=lim(x" +1)=c* +1
cim f(x) = f(e)

Therefore, fis continuous at all points x, such that x < 1

Case II:

Ife=1, thenf(c)=f(1)=1+1=2

The left hand limit of fat x = 1 is,

lim £ (x) = lim (x + )=1"+1=2

x—»| ]

The right hand limit of fat x = 1 is,
lim Sfx)= !irﬂ{x+ I)=1+1=2

im S (x) = £(1)

Therefore, fis continuous at x = 1
Case III:

Ifc>1, thenf(c)=c+]

lim f(x)=lim(x+1)=c+]

sim f(x)=1(e)

K=

Therefore, fis continuous at all points x, such that x > 1

Hence, the given function f has no point of discontinuity.

Find all points of discontinuity of f, where f is defined by
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) =3, ifx<2

s | -3,

(x) | +1, ifx>2

Answer

jx-“—3, ifx<2

| +1, ifx>2

7(x)=
The given function fis
The given function fis defined at all the points of the real line.

Let ¢ be a point on the real line.

Case I:

Ife <2, thenf(c)=c’—3and lim f(x)=lim [x" -3)=c’-3

a—w

sim f(x)= 1 (c)

K=o

Therefore, fis continuous at all points x, such that x < 2
Case II:

Ife=2, then,f'{c} = ,f'{z} =2"-3=5

]1m f = ||m{1r1 } ~-3=5
l|m flx)= I1m ¥ +1J +1=5

Ilm,i"f x)=1(2)

Therefore, fis continuous at x = 2
Case III:

Ifc>2, thenf(c)=c" +1

lim £ (x) = lim (x* +1) = c* +1

sim f(x) = f(c)

T

Therefore, fis continuous at all points x, such that x > 2

Thus, the given function f is continuous at every point on the real line.

Hence, f has no point of discontinuity.

Find all points of discontinuity of f, where f is defined by
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) -1, ifx <l
r(5)=1"

(x) ¥, ifx>1
Answer

£ zj.vi" -1, i-l'-.riil
The given function fis l" Hx>1
The given function fis defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I:

Ife<l, thenf(c)=c"~1and lim f(x)= ]jr;tll_()."“ ~1)=¢"~1
wlim £ (x)= f(c)

Therefore, fis continuous at all points x, such that x < 1

Case II:
If c = 1, then the left hand limit of fat x = 1 is,

lim f£(x)=lim(x"=1)=1"=1=1-1=0

gl X" ’

The right hand limit of fat x = 1 is,

lim /(x) = lim (") =1* =1

It is observed that the left and right hand limit of f at x = 1 do not coincide.
Therefore, f is not continuous at x = 1

Case III:

Ifc=1, thenf(c)=c

lim f(x)= ]i[ll{r:) = ¢

sim f(x)=1(c)
Therefore, fis continuous at all points x, such that x > 1

Thus, from the above observation, it can be concluded that x = 1 is the only point of

discontinuity of f.

Is the function defined by
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x+5, ifx=1
flx)=
' { ] x=5 ifx=1
a continuous function?
Answer
x+5 ifx <1
flx)=
{ ] x=5 ifx=1

The given function is.
The given function fis defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I:

Ife <1, thenf(c)=c+5and lim /'(x)=lim(x+5)=c+35

—rp Tk

sim f(x)= 1 (c)

Therefore, fis continuous at all points x, such that x < 1
Case II:

Ifc=1, thenf(1)=1+5=6

The left hand limit of fat x = 1 is,

lim fx)= lim (x+ 5)=1+5=6

The right hand limit of fat x = 1 is,
lim f(x)=lim(x-5)=1-5=—4
k=] r—]

It is observed that the left and right hand limit of f at x = 1 do not coincide.

Therefore, fis not continuous at x = 1
Case III:

Ife >1, thenf(c)=c—5and lim f'(x)=lim(x-5)=¢c-5

T Tk

sim f(x)=1(e)

K=

Therefore, fis continuous at all points x, such that x > 1

Thus, from the above observation, it can be concluded that x = 1 is the only point of

discontinuity of f.
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Discuss the continuity of the function f, where f is defined by

J.‘i. if0<x<l
_,r'{.r]: 4, ifl<x<3
lfﬁ. if3<x<10
Answer
3, if0=sx<]
fx)=44, ifl<x<3
lfb. if3=x=10

The given function is
The given function is defined at all points of the interval [0, 10].

Let c be a point in the interval [0, 10].

Case I:

If0<ec <], thenf(c)=3and lim f(x)=lim(3)=3
sim f(x)= f(¢e)

Therefore, fis continuous in the interval [0, 1).
Case II:

If e =1, thenf(3)=3

The left hand limit of fat x = 1 is,
lim fx)= !iry{ﬁ_}z 3

The right hand limit of fat x = 1 is,
i /(x) = lim(4) = 4

It is observed that the left and right hand limits of f at x = 1 do not coincide.

Therefore, f is not continuous at x = 1
Case III:

If 1< ¢ <3, thenf(c)=4 and ITil:J}_,f'i:.'c) = ln;n(—l] =4

s lim f (x)= £ (c)

Therefore, fis continuous at all points of the interval (1, 3).
Case 1IV:

If ¢ =3, thenf(c)=35
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The left hand limit of fat x = 3 is,
lim f(x)=lim(4)=4

X3 X—=3

The right hand limit of fat x = 3 is,
lim f(x)=lim(5)=5

It is observed that the left and right hand limits of f at x = 3 do not coincide.
Therefore, fis not continuous at x = 3
Case V:

If 3<¢ <10, thenf (c)=5and lim f(x)=lim(5)=35

im 7 (x) = £ ()

Therefore, fis continuous at all points of the interval (3, 10].

Hence, fis not continuous at x =1 and x = 3

Discuss the continuity of the function f, where f is defined by

JE.\', if x <0
.f'{.r]= 0, if0=sx=<l
14.\‘, itx=>1
Answer
JE.\', if x <0
.f'{.r]= 0, if0=sx=<l
14.\‘, itx=>1

The given function is
The given function is defined at all points of the real line.
Let c be a point on the real line.

Case I:

If ¢ <0, then f(c)=2¢c
]L_irﬂ flx)= 13'111{2_1:] =2c
|]lTI flx)=r(e)

Therefore, fis continuous at all points x, such that x < 0
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Case II:

If e =0, thenf(c)=f(0)=0

The left hand limit of fat x = 0 is,
lim f(x)=1im(2x)=2x0=0

-+l

The right hand limit of fat x = 0 is,
r/ (x)= i (0)=0
slim f(x)=f
im /(x)= 7 (0)
Therefore, fis continuous at x = 0
Case III:
fl<e<l, thenj'(x} =0and lim f(x]l = Iimi:[}} =1
~ lim f(x] =_f(r_')
Therefore, fis continuous at all points of the interval (0, 1).
Case IV:
Ife=1, then f(c)=f(1)=0
The left hand limit of fat x = 1 is,
lim f(x)=lim(0)=0
s+l N x—l
The right hand limit of fat x = 1 is,
lim f(x)=lim (4x)=4x1=4
K=l K=l

It is observed that the left and right hand limits of f at x = 1 do not coincide.

Therefore, fis not continuous at x = 1
Case V:

Ife <1, thenf[c'] =4¢ and |in} ¥ i:'c) = ll_in;(tix} =4dc
c lim f(x] =_f(r_')

Therefore, fis continuous at all points x, such that x > 1

Hence, fis not continuous only at x = 1

Discuss the continuity of the function f, where f is defined by
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(=2, ifxr<—1
Slx)=12x, if —-1<x =1
|2, ifx=>1
Answer
(-2, ifx< -1
flx)=12x if —-1<x<]
|2, ifx=1

The given function fis
The given function is defined at all points of the real line.
Let ¢ be a point on the real line.

Case I:
If ¢ <~1, then f(¢)=-2 and lim f(x)=lim(-2)=-2
sim f(x) = f(c)
Therefore, fis continuous at all points x, such that x < -1
Case II:
Ife=—1, thenf(c)= f(-1)=-2
The left hand limit of fat x = —1 is,
lim fix)= lim(-2)=-2
x—=—1 Lr( } x—=—1 |[ }
The right hand limit of fat x = -1 is,

|_lm flx)= |_|m (2x)=2x(-1)=-2
- lim flx)=£(-1)

Therefore, fis continuous at x = -1
Case III:

If —1<c<l, thenf(c)=2c
lim flx)= lim(2x)=2¢

- im flx)=fle)

Therefore, fis continuous at all points of the interval (-1, 1).
Case IV:
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Ife=1, thenf(c)=f(1)=2x1=2
The left hand limit of fat x = 1 is,
lim ,,r"[x}—!i_pll{lr]—le =2

The right hand limit of fat x = 1 is,
lim f(x)= !i_U]E:E

x—|

sim f(x)=1(e)

Therefore, fis continuous at x = 2

Case V:

If ¢ =1, thenf(c)=2 and lim f(x)=1im(2)=2

|l_l:ﬂf[‘c} = f(e)

Therefore, fis continuous at all points x, such that x > 1
Thus, from the above observations, it can be concluded that f is continuous at all points

of the real line.

Find the relationship between a and b so that the function f defined by
) av+1, ifx<3
flx)= o
hx+3, ifx=3

is continuous at x = 3.

Answer

p ] ar+1, ifx=3
x)=
be+3, ifxr=3

The given function fis
If fis continuous at x = 3, then
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lim £ (x) = lim £ (x)= £(3) (1)
!Eﬂ fx)= !ﬂ“ (ax+1)=3a+1

|Lnl fx)= !]_{]l (bx+3)=3h+3

:,I"li?r]l = 3(F+.| |
Therefore, from (1), we obtain
da+1=3b+3=3a+l

= 3g+1=3h+3
—=3g=3h+2

2
= ag=h+=
3

2
a=h+=
Therefore, the required relationship is given by,

For what value of 4 is the function defined by
_ Alx* =2x), ifx<0
flx)= ( }
dx+1, ifx=0

continuous at x = 0? What about continuity at x = 1?
Answer

flx)=

The given function fis

r(xf ~2x), ifx<0
dx+1, iflx=0
If fis continuous at x = 0, then

lim £ (x) = lim f(x)=£(0)

= lim A(x*-2x)= lim (4x+1) = A(0°=2x0)

= A(07-2x0)=4x0+1=0

= 0 =1=10. which is not possible

Therefore, there is no value of A for which fis continuous at x = 0
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Atx =1,
fF(l)=4x+1=4x1+1=5
lim(4x+1)=4x1+1=5

T—ul

~lim £ (x) = £(1)

x=wl

Therefore, for any values of A, fis continuousat x =1

Show that the function defined by g“] - I_['1"]is discontinuous at all integral point.

x .
Here [ ]denotes the greatest integer less than or equal to x.

Answer
g(x)=x—[x]

It is evident that g is defined at all integral points.

The given function is

Let n be an integer.
Then,

g(n)=n-[n]=n-n=0
The left hand limit of fat x = nis,

lim g(x) = lim (x—[x]) lifl‘l{.r}—lim[x] n—(n—1)=1

=+ X—i =+t

The right hand limit of fat x = n is,
lﬂn g(x)= |I_1TJ‘| (x-[x])= _.lim (x)-lim[x]=n-n=0

It is observed that the left and right hand limits of f at x = n do not coincide.
Therefore, fis not continuous at x = n

Hence, g is discontinuous at all integral points.

f(x)=x"—sinx+5

Is the function defined by * continuous at x = p?

Answer

' . :.-‘:— 1 .-‘+5
The given function is-f(r} v —SIn A
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It is evident that fis defined at x = p

Atx=m, f(x)= f(n)=n"—sinn+5=n"-0+5=71"+5
Consider lim f(x) =lim(x —sinx+5)

Putx=m+h

If x —= m, then it is evident that h— 0

o dim f(x) = lim (x* -sinx +5)

AT N—T

= lim _[rr+ R —sin(m+h)+ 5}

=it |

=lim(n+h) - !ai_lrll_‘!ISIll (m+h)+1ims

fr—sil f—i)
={:1t . l}}_ Iim[s-in teosh+ L:us*n:s-[nh] 5
Jr—sl)
n° —limsin meosh— lim cos wsinh+ 35
=l Ffr—0

=n’ —sinmcos0—coswsin0+5
=n —0x1—(=1)x0+5
=n"+5

s lim f (x) = £ (r)

Therefore, the given function fis continuous at x = n

Discuss the continuity of the following functions.

(@) f (x) = sin x + cos x

(b) f (x) = sin x — cos x

(c) f(x) = sin x x cos x

Answer

It is known that if g and h are two continuous functions, then

g+h, g—h, and g 50 4150 continuous.

It has to proved first that g (x) = sin x and h (x) = cos x are continuous functions.

Let g (x) = sin x

It is evident that g (x) = sin x is defined for every real number.
Let c be a real number. Put x = c + h

Ifx—>c thenh—0
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g(c)=sine
limg(x)=limsinx

N L 1o

= Lnl]] sin (¢ + Pi_}

= Iim[sin ceosh+coscsin kr]
=1

=lim(sinccosh)+lim(cosesinh)

Fr—ai f—lp
=sinccos0+coscsin
=sinc+0
=sin¢

+ limg(x)=g(c)

Therefore, g is a continuous function.

Let h (x) = cos x

It is evident that h (x) = cos x is defined for every real number.
Let ¢ be a real number. Put x =c + h

Ifx—>c thenh—-0

h (c) = cosc

lim h(x)=limcosx

N—*C

= limcos(c+h)

fr—=ll

=lim[cosccos h—sincsin Al

Te=sll

= limcosccos h—limsinesin

fr—ll fr—+il

=cosccosl—sinesin()
=coscx|—=singx(

=C0scC

slimb(x)=h(c)

Therefore, h is a continuous function.

Therefore, it can be concluded that

(@) f(x) =g (x) + h(x) =sin x + cos x is a continuous function
(b) f(x) = g (x) — h (x) = sin x — cos x is a continuous function

(c) f(x) =g (x) x h (x) =sin x x cos x is a continuous function
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Discuss the continuity of the cosine, cosecant, secant and cotangent functions,
Answer

It is known that if g and h are two continuous functions, then

hfx]

~. (x)# 0 is continuous

g(x)

(7)

(i) : . g(x)# 0 is continuous
g(x)

(ii) _1 -, h(x) =0 is continuous
h(x)

It has to be proved first that g (x) = sin x and h (x) = cos x are continuous functions.
Let g (x) = sin x
It is evident that g (x) = sin x is defined for every real number.
Let ¢ be a real number. Put x =c + h
If x *c,thenh 0
g(c)=sine
1\1mg{1} = ]L_il;t'l_ sin x

= Li]:r: sin(c+h)

= Li];tlll[sil'l ccosh + coscsin P;r]

=lim(sinccosh )+ ]fim{cmr:sim’r]
il

b
=sinccos0+cosesin(
=sinc+0
=sinc¢
+ limg(x)=g(c)
Therefore, g is a continuous function.
Let h (x) = cos x
It is evident that h (x) = cos x is defined for every real number.
Let ¢ be a real number. Put x = c + h
Ifx®c, thenh ® 0

h (c) = cosc
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lim h(x)=limcosx

N—*C

= limcos(c+h)

fr—=ll

=lim[cosccos h—sincsin Al

Jr—sll
= limcosccos h—limsinesin b
fr—1 fe—l)
=cosccosl—sinesin()
=coscx|—=sincx(

=C0scC

s lim hl[xj h(c)

K=
Therefore, h (x) = cos x is continuous function.

It can be concluded that,

cosecxy = , sinx = 0 is continuous

snx

= cosecx, X #nw (ne Z) is continuous

Therefore, cosecant is continuous except at x = np, n iz

secy = . cosx # 0 is continuous
CO5 X

=S SeCY. X & {:Eu +1}% [n e Z) is continuous

T
x=(2n+1)= (neZ)
Therefore, secant is continuous except at 2

AT T

cotx = , sinx = 0 1% continuous

sinx
—colx, x# 0T {n [= Z] is continuous

Therefore, cotangent is continuous except at x = np, n iz

Find the points of discontinuity of f, where

_JS]nx_if.r{ﬂ

f(x)= l x

x+1 ifx=0
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Answer

[ﬂ ifx<0

f(x)=1 x
The given function fis l'T tl, ifx20

It is evident that f is defined at all points of the real line.
Let ¢ be a real nhumber.

Case I:

If ¢ <0, then f'(c)= M0E and lim f(x)=1lim

( sin v “‘| _sine
{3 X X .‘- "r J - ‘."‘

slim f(x)= f(e)

Therefore, fis continuous at all points x, such that x < 0
Case II:

Ifc >0, thenf (c¢)=c+1and lim f(x)=lim(x+1)=c+I
~lim f(x) = £ (c)

Therefore, fis continuous at all points x, such that x > 0
Case III:

Ife=0, thenf(c)=f(0)=0+1=1
The left hand limit of fat x = 0 is,

sinx

lim _f{.‘r}: lim =1

xibl]} x=pl} X

The right hand limit of fat x = 0 is,
lim f(x)=lim(x+1)=1

slim f(x)= ]n;rll f(x)=/(0)

|
Therefore, fis continuous at x = 0
From the above observations, it can be concluded that f is continuous at all points of the
real line.

Thus, f has no point of discontinuity.
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Determine if f defined by

A
y x sin—, ifx =10
flx)= x

] ifx=0

1

is a continuous function?

Answer

T
y x sin—, ifx =10
.fl-’f}— X

] ifx=0

1

The given function fis
It is evident that f is defined at all points of the real line.
Let c be a real nhumber.

Case I:

Ife=0, thenf{c} =¢ sin 1
o

o N YR B S LY SV | R
lim /°(x) —llm[x"sm— —{ im ][Ilmsm— |=c’sin—
N K \ _1' "_I K= ! A—wC _'x' /I |l_'

Ili[I!_ f{x] = f{c] \

Therefore, fis continuous at all points x # 0
Case II:

If ¢ = 0, then /{0) =0
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Kl Kl X x—ul x

lim f(x)= lim [,r: sin lJ = Iim[f sin l]

) .
It is known that, -1 =sin—=1, x =0
.

. 1 N
= —XT S8 — =X
X

r
. y . N R
= ]lm(—r‘] < I|m[ x sin— |[<limx”
vl a0l ¥ vl

s ; ] A
= 0=lim| x" sin— |£U
X h.".\ x-‘_.
5 1
:}][m[.‘c'sin J:CI
] X
o lim j'{x} =0

vl

. ) )
Similarly, lim f(x)=lim [x"sinlw = lim[:r" s.inl =10

x "Ll. ¥ #0" .x-/l K=l _1' fll
I_il‘Lrll flx)=r1(0)= litlr:)_ f(x)

Therefore, fis continuous at x = 0

From the above observations, it can be concluded that fis continuous at every point of

the real line.

Thus, fis a continuous function.

Examine the continuity of f, where f is defined by

_ sinxy—cosx,ifx=0
flx)= .
-1 ifx=10
Answer
sinx—cosx,ifx=0

”x}z{—l ifx =0

It is evident that f is defined at all points of the real line.

The given function fis

Let ¢ be a real number.

Case I:
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If ¢ # 0, then f'(¢) =sinc —cose

lim f(x)= |~_1r'|:|_{51n x—cosx)=sinc-cosc

sim f(x)=f(e)
N—*
Therefore, fis continuous at all points x, such that x # 0

Case II:
If ¢ =0, then f(0)=-1

lim f(x)=lim (sin x—cos.x) =sin0—cos0=0-1=-1

=)

lim f(x)= lim (sin x—cosx)=sin0—cos0=0-1=-1

x—=0

S lim f(x) ]Eyj[r] £(0)

—¢ll
Therefore, fis continuous at x = 0
From the above observations, it can be concluded that fis continuous at every point of
the real line.

Thus, fis a continuous function.

Find the values of k so that the function f is continuous at the indicated point.

kcosx .. T
Jfx# 5
flx)= m—2x = atx=—
! . i T
3, ifx=—
2
Answer
(kcosx .. L
ot Wry=—
fl{l}: mM—LX
- - b1
3, if X=_
The given function fis =
T T
r=— r=—
2 and if the value of the f

The given function fis continuous at- 2 , if fis defined at -

m
x= r=—
2

equals the limit of fat_

2|

at
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PR
I [
== f|5]=3
It is evident that f is defined at 2 and </
kcosx
lim f(x)=Ilim
J.-p::llr( } -r:-:ﬂ:_z.r
Put_rzgvfr
Thcn..r—:»;:w’r—z»ﬂ
- Is
kcos| +h
. . kcosx \ ]
solim f {r] =lim = lim <
. i . :.'T n-_zlx- ) T
2 2 IT—F_"[ —J’:|
\2 g
— klim unh=k| \.mhzk_lzﬁr
a2 2 b=t fy 2 2
b
T
yﬂfiﬂl I[E,
k-,
) =23
2
=k=06

Therefore, the required value of k is 6.

Find the values of k so that the function f is continuous at the indicated point.

y kit ifx=2
flx)= ' atx =2
a ] {3, ifx=2
Answer
k', ifx<2
A ]={3 ifx=2
The given function is ! T

The given function fis continuous at x = 2, if fis defined at x = 2 and if the value of f at

x = 2 equals the limitof fat x = 2

F(2)=k(2) =4k

It is evident that f is defined at x = 2 and-
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lim f(x)= Tle fx)=1(2)

X—F £

= lim (k)= lim (3) = 4k

= kx2"=3=4k

— 4k =3 =4k
=4k =3

3
= k==

4

.3
kis =

Therefore, the required value of 4.

Find the values of k so that the function fis continuous at the indicated point.

e+, ifx=n
= atx=m

f(x)

cosx, ifx>m
Answer

fx+1, ifx=m

-t
The given function is cosx, ifx >

The given function fis continuous at x = p, if fis defined at x = p and if the value of f at

X = p equals the limitof fatx = p

It is evident that fis defined at x = p and fm)=lm+l

lim f(x)= lim f(x)=f(n)
= lim (kc+1)= lim cosx = kn+1

¥+ X X’

= fn+l=cosm=kn+l

= kn+l=-1=kn+l
2
= k===
T
ks ==,
Therefore, the required value of T

Page 30 of 144



Class XII Chapter 5 - Continuity and Differentiability Maths

Find the values of k so that the function f is continuous at the indicated point.
e+, ifx=5

= o atx=35
3x=5, ifx=5

flx)
Answer
e +1, ifx<5
f'{x‘j— x+1, ifx

The given function fis T 3x=5,ifx>5

The given function fis continuous at x = 5, if fis defined at x = 5 and if the value of f at
x = 5 equals the limit of fat x = 5

It is evident that fis defined at x = 5 and f{j}: fx+1=5k +1
lim f(x)=lim f(x)=f(5)

= lim (kx+1) = lim (3x—5) = 5k +1

] x5

= Sk+1=153=-5=5k+1

= 5k+1=10
= 5k=9

9
:'sz

5

.9
ks —.
Therefore, the required value of 5

Find the values of a and b such that the function defined by

3, ifx=2
flx)=qax+bif2<x<10
21, ifx=10

is a continuous function.
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Answer
5, ifx=?2
.f'{.¥}= ax+hif2<x<10
21, ifxz=10

The given function fis

It is evident that the given function f is defined at all points of the real line.

If fis a continuous function, then fis continuous at all real numbers.
In particular, fis continuous at x = 2 and x = 10

Since fis continuous at x = 2, we obtain
lim f(x)=lim f(x)=7(2)

= lim (5) = lim (ax+b)=5

F

=5=2a+bh=35

= 2a+b=3 (1)
Since fis continuous at x = 10, we obtain

lim f(x)= rlim_ Fx)=r(10)

K—»lil
= lim (ax+b)= lim (21)=21
s—0 sl
= 10a+bh=21=21
= 10a+b =21 -(2)
On subtracting equation (1) from equation (2), we obtain
8a =16

By putting a = 2 in equation (1), we obtain
2x2+b=5

>4+b=5
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Therefore, the values of a and b for which fis a continuous function are 2 and 1

respectively.

Show that the function defined by f (x) = cos (x?) is a continuous function.

Answer

The given function is f (x) = cos (x?)

This function f is defined for every real number and f can be written as the composition
of two functions as,

f=goh, where g (x) = cos x and h (x) = x*

B (goh)(x)= g[h{x}} =g ['x'J ] = L‘L}E{.‘{'z } = ;f['c]]

It has to be first proved that g (x) = cos x and h (x) = x* are continuous functions.
It is evident that g is defined for every real number.

Let c be a real number.

Then, g (c) = cos ¢

Putx=c+h

Ifx—c, then h— 0

limg(x)=limcosx
N

K=o

=lim CDSl{(' +h)
I

Jr—ll

=lim [cnsa‘ cosh—sincsin J'?]

Fi—li
=limcosccosh—limsinesinh
fish i)
=cosccosl—sinesin0
=coscxl—sinex0
=C0s5¢
]:111 g(x)=gle)

Therefore, g (x) = cos x is continuous function.

Page 33 of 144



Class XII Chapter 5 - Continuity and Differentiability Maths

h (x) = x?
Clearly, h is defined for every real number.
Let k be a real number, then h (k) = k?

limh(x)=limx" =k

x—rk r—rk
Slimb{x)=hk
lim r{r} r[ )
Therefore, h is a continuous function.
It is known that for real valued functions g and h,such that (g o h) is defined at ¢, if g is

continuous at ¢ and if fis continuous at g (c), then (f 0 g) is continuous at c.

f(x)=(goh)(x)=cos(x’)

Therefore, - is a continuous function.

Show that the function defined by J {.r}:|cos ,1'| is a continuous function.

Answer

f(x)=|cosx|

The given function is-
This function f is defined for every real number and f can be written as the composition

of two functions as,

f=goh, Where"i'J‘r[";J =|.r and h(x) = cosx

[ (goh)(x)= g{h{x}] = g(cosx)= |{:m'x| = f{r]]

. 7(x) =|x| and h(x)=cosx . .
It has to be first proved that "i"[ ) | { } are continuous functions.

g(x)= |‘L| can be written as
—x, ifx<0
g(x) _{r, if x>0

Clearly, g is defined for all real numbers.
Let ¢ be a real number.

Case I:

Ifc <0, theng(c)=-cand limg(x)= lim (~x)=-c

K=

i (x)=2(c)
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Therefore, g is continuous at all points x, such that x < 0
Case II:

If¢ =0, theng(c)=c and Itiiz}g{x}: lTer x=c¢
~limg(x)=g(c)

Therefore, g is continuous at all points x, such that x > 0
Case III:

It ¢ =0, then {L} g(0)=0

(—x)=0
(

llmg }—llm x)=0

=

" lim g (x)=lim (x) = g(0)

r—sl) x—»ll

I1m glx)= I1
—31}

Therefore, g is continuous at x = 0

From the above three observations, it can be concluded that g is continuous at all points.

h (x) = cos x

It is evident that h (x) = cos x is defined for every real number.
Let ¢ be a real number. Put x = c + h

Ifx—>c thenh—0

h (c) = cosc

]lmh[r}—]nncosr

N—*C

= limcos(c+h)

fr—=ll

=lim[cosccos h—sincsin Al

Je—ail

=limcosccosh—limsinesinh

fr—ll fa—+il

=cosccosl—sinesin()
=coscx|—=singx(

=C0scC

slimb(x)=h(c)

K=

Therefore, h (x) = cos x is a continuous function.

It is known that for real valued functions g and h,such that (g o h) is defined at ¢, if g is

continuous at ¢ and if fis continuous at g (c), then (f 0 g) is continuous at c.
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F(x)=(goh)(x)=g(h(x))=g(cosx)=|cos x|

Therefore, is a continuous function.

: sin x| ) .
Examine that | is a continuous function.

Answer

Let f(x)=sin|x|

This function f is defined for every real number and f can be written as the composition
of two functions as,

f=goh, whereg['r} =|x| and /i(x) =sinx

I: {gr}h}{x] = g[h(r}) = g[:-;in x)= |:-sin X = f[.l}:l

g(x)=|x| and i(x)=sinx

It has to be proved first that are continuous functions.

g(x)=|x| can be written as

£{r1={

Clearly, g is defined for all real numbers.

—x, ifx <0

x, ifx=0

Let ¢ be a real number.

Case I:

Ifc <0, theng(c)=—-cand limg(x)= lim (—x)=-c

lim g (x) = g (c)

Therefore, g is continuous at all points x, such that x < 0
Case II:

Ifc>0, theng(c)=c and Iimg(_r} =limx=c¢
~limg(x)=g(c)

Therefore, g is continuous at all points x, such that x > 0
Case III:

Ife=0, theng(c)=g(0)=0

Page 36 of 144



Class XII Chapter 5 - Continuity and Differentiability Maths

lim g(x) = lim (-x)=0

lim g(x)=lim (x)=0

=

s lim g(x) = lim (x) = g(0)

r—s(l x—+ll
Therefore, g is continuous at x = 0
From the above three observations, it can be concluded that g is continuous at all points.
h (x) = sin x
It is evident that h (x) = sin x is defined for every real number.
Let c be a real number. Put x = ¢ + k
Ifx—>c thenk—0
h (c) =sinc
h(e)=sine

lim Fr(x) =limsinx

N—=% N3

= !]];l;! sm{c i k}

= Iim[sinccusk +coscsin ﬁf]
=]

= lim(sinccosk )+ lim {cnﬂ csin .!r]

=] bl
=sinccosl+coscsin(
=sinc¢+0
=sinc¢
L limh(x)=g(c)

N=¥g
Therefore, h is a continuous function.
It is known that for real valued functions g and h,such that (g o h) is defined at ¢, if g is

continuous at ¢ and if fis continuous at g (c), then (f 0 g) is continuous at c.

F(x)=(goh)(x) = g(h(x))=g(sinx)=|sinx|

Therefore, is a continuous function.

() =l =L +
Find all the points of discontinuity of f defined by"rr (T} |T| |1' I .

Answer

fx)=|x|-|x+1

The given function is*
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The two functions, g and h, are defined as
g(x)=|x| and h(x)=|x+1]
Then, f=g—h
The continuity of g and h is examined first.
2(x)=|x| can be written as

—x, ifx<0

g{x} ={r, ifx =0

Clearly, g is defined for all real numbers.
Let ¢ be a real number.

Case I:

Ife <0, then g{¢)=—c and lim g{r} =lim [—x}: -
~limg(x)=g(c)

Therefore, g is continuous at all points x, such that x < 0
Case II:

Ifc>0, theng(c)=c and Iimg(_r} =limx=c¢

~limg(x)= g(c)

Therefore, g is continuous at all points x, such that x > 0
Case III:

Ife=0, theng(c)=g(0)=0

|1m glx)= |n’n{r x)=0
]1m g(x)= llm{,x} 0

x—=l"

~lim g(x) = lim (x) = g(0)

x—»(l x—+ll
Therefore, g is continuous at x = 0
From the above three observations, it can be concluded that g is continuous at all points.
hix)= |.1'+ 1| can be written as
= (x+1), if, x < -1
nx)={ T
x+1, itx=—1

Clearly, h is defined for every real number.
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Let c be a real number.

Case I:
If ¢ <1, then hi(c)=~(c+1) and limh(x) =lim| ~(x+1) | = ~(c+1)
slimh(x)=h(c)

Therefore, h is continuous at all points x, such that x < -1

Case II:

If ¢ > 1, then h(c)=c+1and limh(x)=lim(x+1)=c+]

T

o lim r’r[x] = h{c)

Therefore, h is continuous at all points x, such that x > -1

Case III:
If e =—1, then h(c)=h(-1)=-1+1=0

lim h(x)= lim F—[x-i—l)] —(=1+1)=0

| r——] =

lim h(x)= lim (x+1)=(-1+1)=0

x=—1" ! x=—1"

solim B(x) = lim A(x)=h(-1)

x—=—1 fe——1
Therefore, h is continuous at x = -1
From the above three observations, it can be concluded that h is continuous at all points
of the real line.
g and h are continuous functions. Therefore, f = g — h is also a continuous function.

Therefore, f has no point of discontinuity.
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