Class XII Chapter 5 - Continuity and Differentiability Maths

(x)=x"+2x—8 ,xe[-4,
Verify Rolle’s Theorem for the function"f {Y) v g E[ 2]

Answer

(x)=x"+2x—
The given function,j [Y) = , being a polynomial function, is continuous in [—4,

2] and is differentiable in (-4, 2).

~f(-4)=f2)=0

= The value of f (x) at —4 and 2 coincides.

f'(e)=0

Rolle’s Theorem states that there is a point c € (=4, 2) such that

f{x}:r +2x -8
(x)=2
--.f*(c-}=
= 2e+2=10
=c=-1, wherec=-1€(-4,2

Hence, Rolle’s Theorem is verified for the given function.
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Examine if Rolle’s Theorem is applicable to any of the following functions. Can you say

some thing about the converse of Rolle’s Theorem from these examples?
0 S (x)=[x] forxe[5, 9]

f(x)=[x] forxe[-2, 2]
(i) fx)=x"-1forxell, 2]

Answer

(i)

,r":[a. b]—}R, i

By Rolle’s Theorem, for a function®
(a) fis continuous on [a, b]

(b) fis differentiable on (a, b)

(c) f(a) =f(b)

['(e)=0

then, there exists some c € (a, b) such that

Therefore, Rolle’s Theorem is not applicable to those functions that do not satisfy any of

the three conditions of the hypothesis.
0 S (x)=[x] forxe[5, 9]
It is evident that the given function f (x) is not continuous at every integral point.

In particular, f(x) is not continuous at x = 5and x =9

= f (x) is not continuous in [5, 9].

AIHU,_}"{E}I = [5] =5 and_f{‘?ﬂ] = [9] =9
= f(5)= £(9)
The differentiability of fin (5, 9) is checked as follows.

Page 116 of 144



Class XII Chapter 5 - Continuity and Differentiability Maths

Let n be an integer such that n € (5, 9).

The left hand limit of /" at x = n is.

A Gt S GO () bl ) DR B -1

=lim—=m
=il h =l h fy—ll II'I Tr—il Iﬁ

The right hand limit of / at x = n is,

e f {n+h}—_,."{n}: e [rz+h]—lrz] tim ™ i 0=0
fi—s ¥ h [ h bl fp =)

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n

~fis not differentiable in (5, 9).

It is observed that f does not satisfy all the conditions of the hypothesis of Rolle’s

Theorem.

f(x)=[x] forxe[5, 9] .

Hence, Rolle’s Theorem is not applicable for
(i) f(x)=[x] forxe[-2, 2]
It is evident that the given function f (x) is not continuous at every integral point.

In particular, f(x) is not continuous at x = =2 and x = 2

= f (x) is not continuous in [-2, 2].

Also, _}"{—3'] = l—l] ==2 and_f'l[ﬁ} = [2] =2
“f(-2)=f(2)
The differentiability of fin (=2, 2) is checked as follows.
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Let n be an integer such that n € (-2, 2).

The left hand limit of /" at x = n is.

(n+h)— + h|- ~1- -
A Gt S O UL o D e e B
=il h =l h fy—ll II'I Tr—il Iﬁ

The right hand limit of / at x = n is,
. fin+h)—fn o An+h|=|n , - ,
]1m"( } '”: }=I|n1[ ] I]:hmM “zllm[}:ﬂ
fi—s ¥ h [ h bl fp =)
Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n

~fis not differentiable in (-2, 2).

It is observed that f does not satisfy all the conditions of the hypothesis of Rolle’s

Theorem.

f(x)=[x] forxe[-2, 2].

Hence, Rolle’s Theorem is not applicable for

(i) S(x)=x"-1forxell, 2]

It is evident that f, being a polynomial function, is continuous in [1, 2] and is
differentiable in (1, 2).

F()=(1y-1=0
f(2)=(2) -1=3

~fF (1) = (2)

It is observed that f does not satisfy a condition of the hypothesis of Rolle’s Theorem.

Page 118 of 144



Class XII Chapter 5 - Continuity and Differentiability Maths

Hence, Rolle’s Theorem is not applicable forf(ﬂ =x —lorx C[]’ 2].

If / :[_5‘5]_} R is a differentiable function and if / {-IJdoes not vanish anywhere, then

f(=5)= 1(5)

prove that .

Answer

/i[-55]>R is a differentiable function.

It is given that
Since every differentiable function is a continuous function, we obtain
(a) fis continuous on [-5, 5].

(b) fis differentiable on (-5, 5).

Therefore, by the Mean Value Theorem, there exists c € (=5, 5) such that

- 15169

=10f"(c)= f(5)- f(-5)
/'(x)

It is also given that - does not vanish anywhere.

S e)=0
=10f"(c)=0

= f{S]—f{—‘ﬂ #
= f(5)# f(-5)

Hence, proved.

(xY=x" —d4x— b
Verify Mean Value Theorem, if / {Yj v ’ 3in the interval[u’ ], where
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Answer

() —dr
The given function isf (¥)=x"—4x-3

f, being a polynomial function, is continuous in [1, 4] and is differentiable in (1, 4)

whose derivative is 2x — 4.
f)=1=4x1-3==6, f(4)=4"-4x4-3=-3

,_f'[h]—_a"'[cr]:_I'H]—_f"{l}:—3—(—6} i:]
© b-a 4-1 3 3

f'(e)=1

Mean Value Theorem states that there is a point ¢ € (1, 4) such that-

/()=

= 2c—4=1

== E. where ¢ :ic—_[l. 4)
2 2 :

Hence, Mean Value Theorem is verified for the given function.

Verify Mean Value Theorem, if"f {'T}: * "% in the interval [a, b], where a = 1 and

b = 3. Find all <€) tor which /(€ =0

Answer

(x)=x"-5x"-3
The given function fis‘f (x)=x X ¥

f, being a polynomial function, is continuous in [1, 3] and is differentiable in (1, 3)
whose derivative is 3x* — 10x — 3.

F()=1=5x1"=3x1=-7, f(3)=3"-5%x3"-3x3=-27

F(B)-f(a) _ F(3)-r(1) _ —27—(-7) —_10
b-a i-1 3-1
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Mean Value Theorem states that there exist a point ¢ € (1, 3) such that f'(e)=-10
f'(e)=-10
=3¢ =10c-3=10
=3 -10c+7=0
=3¢’ —3¢c—-Te+T7=0
=3c(c-1)-T(c-1)=0
=(c-1)(3c-7)=0
7 T .
=c=1, —, wherec=—¢e(l, 3)
3 3
7 -
c=—=|(l, 3
Hence, Mean Value Theorem is verified for the given function and 3 is the

f'(c)=0

only point for which*

Examine the applicability of Mean Value Theorem for all three functions given in the
above exercise 2.

Answer

Mean Value Theorem states that for a function / :[”' b] —R , if
(a) fis continuous on [a, b]
(b) fis differentiable on (a, b)

ey L (B)=1(a)

then, there exists some c € (a, b) such that b-a

Therefore, Mean Value Theorem is not applicable to those functions that do not satisfy

any of the two conditions of the hypothesis.
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0 S (x)=[x] forxe[5, 9]

It is evident that the given function f (x) is not continuous at every integral point.

In particular, f(x) is not continuous at x = 5and x =9

= f (x) is not continuous in [5, 9].

The differentiability of fin (5, 9) is checked as follows.

Let n be an integer such that n € (5, 9).

The left hand limit of /" at x = n is.

i f)— / -
nj (n+h)=1(n) _ [n+ 1] - [n] L
=il h PJ—H.I f fy—ll II'I Tr—il Iﬁ
The right hand limit nl',a" atx =n is,
e .r’{nJrh} [rz+h] Irz] , ST 0=0
fi—s ¥ h .I| .|: .l- .-:l h =)

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n

~fis not differentiable in (5, 9).

It is observed that f does not satisfy all the conditions of the hypothesis of Mean Value

Theorem.

59
Hence, Mean Value Theorem is not applicable for f U [’-] for x F[ ]

(i f(x)=[x] forxe[-2, 2]

It is evident that the given function f (x) is not continuous at every integral point.
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In particular, f(x) is not continuous at x = =2 and x = 2

= f (x) is not continuous in [-2, 2].

The differentiability of fin (=2, 2) is checked as follows.

Let n be an integer such that n € (-2, 2).

The left hand limit of /" at x = n is.
(s ) 1 o )
L CRl) S A 0 B (C500) b ) D T

= lim = lim —=m
=l h f1—ll h =) Ill!' Jr—ll Iﬁ

The right hand limit of /" at x = n is,

L Gt o O G b

[ b By’ h h—s) h

IIirp 0=0

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n

~fis not differentiable in (-2, 2).

It is observed that f does not satisfy all the conditions of the hypothesis of Mean Value

Theorem.

f(x)=[x] forxe[-2, 2].

Hence, Mean Value Theorem is not applicable for
(i) fx)=x"-1forxell, 2]

It is evident that f, being a polynomial function, is continuous in [1, 2] and is
differentiable in (1, 2).

It is observed that f satisfies all the conditions of the hypothesis of Mean Value Theorem.
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Hence, Mean Value Theorem is applicable forf{'\:jl =x —lorx C[]’ 2].

It can be proved as follows.
f()=1r-1=0, f(2)=2"-1=3
CS(b)=S(a) _f(2)-/(1) _3-0

b—a 21 1
f(x)=2x
© f(e)=3
=2c=3
::-f.':'E:l.:'m, where 1.5€[1, 2]

Page 124 of 144



