Class XII Chapter 5 - Continuity and Differentiability

Maths

Exercise 5.1

Question 1:

x)=5x-3

Prove that the function ! { is continuous at* = %atx =

Answer

The given function is,,i"'{x) =5x-3
Atx=0,f(0)=5%x0-3=3

lim £ (x) =lim(5x~3)=5x0-3=-3

s lim f'(x)= £ (0)

Therefore, fis continuous at x = 0
Atx=-3,f(-3)=5%(-3)-3=-18

lim f(x)= 1imj_5x—3)= 5x(-3)-3=-18
s lim f(x)= f(-3)

Therefore, fis continuous at x = -3

Atx =35, f(x)= f(5)=5%x5-3=25-3=22
llin'}f(x}= lim (5x-3)=5x5-3=22

s lim f(x) = £(5)

Therefore, fis continuous at x = 5

Question 2:

Examine the continuity of the function I,r"{.r} =2¢' -latx=3 .
Answer

The given function i.v.f{x} =2x" ~1

Atx = 3,|f'{x}=_f{3]= 2x3 -1=17

lim £ (x) = lim (22" ~1) = 2x3* ~1=17

Slim £ (x)= £ (3)

Thus, fis continuous at x = 3

—3and at x = 5.
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Examine the following functions for continuity.

. ) = X ES
oy F(0)=x5  T()= 50
_ _1:1— 5 e _
© flx)= —y VX # j(d) F(x)=|x-5
Answer
=x—3

(a) The given function is"f {T]
It is evident that f is defined at every real number k and its value at kis kK — 5.

lim f(x)=lim{x-5)=k-5=f(k
It is also observed that, **t () .L—u{r ) A )

Slim flx)= Sk
lim f'(x) = 1 (k)
Hence, fis continuous at every real number and therefore, it is a continuous function.
o ]
flx)=——,x25
(b) The given function is X—2
For any real number kK # 5, we obtain

o . 1 1
lim f(x)=lim =—
Tk " e -5

Also,f{k}=ﬁ (Ask#3)

sAim f(x)= (k)
I—wE :
Hence, fis continuous at every point in the domain of f and therefore, it is a continuous

function.

flx)=" JX#E=S
(c) The given function is X+35

For any real number ¢ # -5, we obtain
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- +5)(x—5
)=t "5 = i D) (3 9) e

Also, f (c)= e+ i({l ) =(c=5) (asc#-5)
wlim £ (x) = f(c)

Hence, fis continuous at every point in the domain of f and therefore, it is a continuous

L

function.

S—x, ifx<5

F)=le=51={ 5 e
(d) The given function is T x=o

This function f is defined at all points of the real line.

Let c be a point on a real line. Then,c<50rc=50rc>5
Casel:c<5

Then, f(c)=5-c¢

lim f(x)= hr'n (5-x)=5-¢

K=

]11]1 flx)=flc)

Therefore, fis continuous at all real numbers less than 5.
Casell:c=5

Then, /(€)= 1(5)=(5-5)=0

lim f(x)= xi_l:f}(ﬁ—,'l.‘} =(5-5)=0

lim f(x)=lim(x-5)=0

l_im _,f'[x} I_im_ _f'(.r} _f'{{'_}
Therefore, fis continuous at x = 5
Caselll: c>5

Then, [ (c)= f(5)=c-5

lim f(x)=lim(x-5)=c-5

sim f(x)= 1(e)

K=

Therefore, fis continuous at all real numbers greater than 5.

Hence, fis continuous at every real number and therefore, it is a continuous function.
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) (x)=x", . . N

Prove that the function / { ] is continuous at x = n, where n is a positive integer.
Answer

The given function is f (x) = x”

It is evident that f is defined at all positive integers, n, and its value at n is n".

Then, lim f(n)=lim(x" )= n"

Iin!j'[.r] = f(n)

Therefore, fis continuous at n, where n is a positive integer.

Is the function f defined by
x, ifx <l
5, ifx =1

f(x)=

continuous at x = 0? At x = 1? At x = 2?

Answer
o x, ifx =<l
F)=1s ix s
The given function fis 5 X
Atx =0,

It is evident that f is defined at 0 and its value at 0 is O.

Then, lim /(x)= limx=0
a—+l ’

a—+l

~lim f(x)= £(0)

o]
Therefore, fis continuous at x = 0
Atx =1,

fis defined at 1 and its value at 1 is 1.
The left hand limit of fat x = 1 is,

lim f(x)=limx=1

x—+l

The right hand limit of fat x = 1 is,

Page 4 of 144



Class XII Chapter 5 - Continuity and Differentiability

Maths

lim f(x)=1lim(5)=5

K=l =]
Solim S x) s lim f(x
r—+] f[: :l ] J'l[ }
Therefore, fis not continuous at x = 1
At x = 2,

f is defined at 2 and its value at 2 is 5.
Then, lim f(x)=1lim(5)=35
s lim £ (x) = 1(2)

Therefore, fis continuous at x = 2

Find all points of discontinuity of f, where f is defined by
. 2x+3, ifx=2
flx)= ..
2x-3, ifx=2
Answer
. 2x+3, ifx=2
fx)=

The given function fis . 2x-3, ifx>2

It is evident that the given function f is defined at all the points of the real line.

Let c be a point on the real line. Then, three cases arise.
(c<2

(i)c>2

(iii) ¢ = 2

Case (i)c < 2

Thcn.j'[c] =2c+3

1\[[‘!‘],{(1}= ]L_ir'n_ (2x+3)=2c+3

s lim f (x)=f(c)

Therefore, fis continuous at all points x, such that x < 2

Case (ii)c > 2
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Then, f(¢)=2c-3
lim £ (x) = lim (2~ 3) = 2¢ -3

N—h

sim f(x)=1(e)

K=

Therefore, fis continuous at all points x, such that x > 2
Case (iii) c =2

Then, the left hand limit of fat x = 2 is,

!qu fx)= Lli-w (2x+3)=2x2+3=7

The right hand limit of fat x = 2 is,

lim flx)= lim (2x-3)=2x2-3=1

It is observed that the left and right hand limit of f at x = 2 do not coincide.

Therefore, fis not continuous at x = 2

Hence, x = 2 is the only point of discontinuity of f.

Find all points of discontinuity of f, where f is defined by
[|x[+3,ifx <=3
flx)=1-2xif-3<x<3
bx+2,ifx=3
Answer
x| +3=-x+3, ifx<-3
flx)=1-2x,if-3<x<3

_ _ . bx+2, ifx=3
The given function fis

The given function f is defined at all the points of the real line.
Let c be a point on the real line.

Case I:

If ¢ <3, then f(c)=—c+3

lim f(x)=lim(-x+3)=~c+3

]I_illt;l flx)=f(c)
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Therefore, fis continuous at all points x, such that x < -3
Case II:

If ¢ =3, thenf(-3)=—(-3)+3=6
..linl fx)= Iinl (-x+3)=—(-3)+3=6

lim f(x)= lim (-2x)=-2x(-3)=6

slim f(x) = £(-3)
Therefore, fis continuous at x = -3
Case III:

If —3<c¢<3, then f(c)=—2¢and lim f(x)=lim(-2x)=-2¢

sim f(x)=1(e)

Therefore, f is continuous in (=3, 3).

Case 1V:

If ¢ = 3, then the left hand limit of fat x = 3 is,
lim flx)= lim (-2x)=-2x3=-6

The right hand limit of fat x = 3 is,

lim ,f"{,r_} = !]_[ﬂ {(u-+ 2)=6x3+2=20

A—#3

It is observed that the left and right hand limit of f at x = 3 do not coincide.

Therefore, fis not continuous at x = 3
Case V:

If ¢ >3, then f(c)=6¢c+2 and |i1:r_1_f(x)= Iilzj.{ﬁx +2)=6c+2
]llrn f(x)=r(c)

Therefore, fis continuous at all points x, such that x > 3

Hence, x = 3 is the only point of discontinuity of f.

Find all points of discontinuity of f, where f is defined by
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f(x)= @ ifx=0
0,ifx=0
Answer
f(x)= @ ifx=0
The given function fis 0, ifx=0
r<0=|x=-xandx>0=|x]=x

It is known that,”

Therefore, the given function can be rewritten as

|'i|—_—"'——1if.r<u
x X

fx)=40,ifx=0
H=—=l, ifx=0
X X

The given function fis defined at all the points of the real line.
Let c be a point on the real line.

Case I:
If e <0, then f(c)=-1
1.[""?-”*"} =lim(—1)=—1

X i

sim f(x)= 1 (c)

Therefore, fis continuous at all points x < 0
Case II:
If c = 0, then the left hand limit of fat x = 0 is,

lim f{.r]—]im (-1)=-1

K3l

The right hand limit of fat x = 0 is,
lim f(x)=lim(1)=1
K= =l

It is observed that the left and right hand limit of f at x = 0 do not coincide.

Therefore, fis not continuous at x = 0
Case III:
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If ¢ >0, then f(c)=1
lim /(x) =Tlim(1) =1

sim f(x)=1(e)

Therefore, fis continuous at all points x, such that x > 0
Hence, x = 0 is the only point of discontinuity of f.

Find all points of discontinuity of f, where f is defined by
X o,
B J—, ifx<0
f(x)=1 M
l— I, ifx=0

Answer

J'—" ifx<0

"
[

f{-"]:l
-1, ifx=0

The given function fis
< X =—
It is known that, ¥<0= M v

Therefore, the given function can be rewritten as

X

_ o Lifx<0
f(x)=1{l —x
-1, ifx=10
= f(x)=-1forallxeR

lim f(x)=lim(-1)=-1

Let c be any real number. Then, *— ro
Sfle)=-1=lim f(x)

Alsol AL ‘

Therefore, the given function is a continuous function.

Hence, the given function has no point of discontinuity.

Find all points of discontinuity of f, where fis defined by
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£(x) [x+1, ifx=1
X)l=4 .
/ | +1, ifx <1
Answer

L [x+Lifxzl
/ [.r]:l e
The given function fis X I

The given function f is defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I:

If c <1, then f(c)=c’+1and lim f(x)=lim(x" +1)=c* +1
cim f(x) = f(e)

Therefore, fis continuous at all points x, such that x < 1

Case II:

Ife=1, thenf(c)=f(1)=1+1=2

The left hand limit of fat x = 1 is,

lim £ (x) = lim (x + )=1"+1=2

x—»| ]

The right hand limit of fat x = 1 is,
lim Sfx)= !irﬂ{x+ I)=1+1=2

im S (x) = £(1)

Therefore, fis continuous at x = 1
Case III:

Ifc>1, thenf(c)=c+]

lim f(x)=lim(x+1)=c+]

sim f(x)=1(e)

K=

Therefore, fis continuous at all points x, such that x > 1

Hence, the given function f has no point of discontinuity.

Find all points of discontinuity of f, where f is defined by
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) =3, ifx<2

s | -3,

(x) | +1, ifx>2

Answer

jx-“—3, ifx<2

| +1, ifx>2

7(x)=
The given function fis
The given function fis defined at all the points of the real line.

Let ¢ be a point on the real line.

Case I:

Ife <2, thenf(c)=c’—3and lim f(x)=lim [x" -3)=c’-3

a—w

sim f(x)= 1 (c)

K=o

Therefore, fis continuous at all points x, such that x < 2
Case II:

Ife=2, then,f'{c} = ,f'{z} =2"-3=5

]1m f = ||m{1r1 } ~-3=5
l|m flx)= I1m ¥ +1J +1=5

Ilm,i"f x)=1(2)

Therefore, fis continuous at x = 2
Case III:

Ifc>2, thenf(c)=c" +1

lim £ (x) = lim (x* +1) = c* +1

sim f(x) = f(c)

T

Therefore, fis continuous at all points x, such that x > 2

Thus, the given function f is continuous at every point on the real line.

Hence, f has no point of discontinuity.

Find all points of discontinuity of f, where f is defined by
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) -1, ifx <l
r(5)=1"

(x) ¥, ifx>1
Answer

£ zj.vi" -1, i-l'-.riil
The given function fis l" Hx>1
The given function fis defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I:

Ife<l, thenf(c)=c"~1and lim f(x)= ]jr;tll_()."“ ~1)=¢"~1
wlim £ (x)= f(c)

Therefore, fis continuous at all points x, such that x < 1

Case II:
If c = 1, then the left hand limit of fat x = 1 is,

lim f£(x)=lim(x"=1)=1"=1=1-1=0

gl X" ’

The right hand limit of fat x = 1 is,

lim /(x) = lim (") =1* =1

It is observed that the left and right hand limit of f at x = 1 do not coincide.
Therefore, f is not continuous at x = 1

Case III:

Ifc=1, thenf(c)=c

lim f(x)= ]i[ll{r:) = ¢

sim f(x)=1(c)
Therefore, fis continuous at all points x, such that x > 1

Thus, from the above observation, it can be concluded that x = 1 is the only point of

discontinuity of f.

Is the function defined by
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x+5, ifx=1
flx)=
' { ] x=5 ifx=1
a continuous function?
Answer
x+5 ifx <1
flx)=
{ ] x=5 ifx=1

The given function is.
The given function fis defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I:

Ife <1, thenf(c)=c+5and lim /'(x)=lim(x+5)=c+35

—rp Tk

sim f(x)= 1 (c)

Therefore, fis continuous at all points x, such that x < 1
Case II:

Ifc=1, thenf(1)=1+5=6

The left hand limit of fat x = 1 is,

lim fx)= lim (x+ 5)=1+5=6

The right hand limit of fat x = 1 is,
lim f(x)=lim(x-5)=1-5=—4
k=] r—]

It is observed that the left and right hand limit of f at x = 1 do not coincide.

Therefore, fis not continuous at x = 1
Case III:

Ife >1, thenf(c)=c—5and lim f'(x)=lim(x-5)=¢c-5

T Tk

sim f(x)=1(e)

K=

Therefore, fis continuous at all points x, such that x > 1

Thus, from the above observation, it can be concluded that x = 1 is the only point of

discontinuity of f.
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Discuss the continuity of the function f, where f is defined by

J.‘i. if0<x<l
_,r'{.r]: 4, ifl<x<3
lfﬁ. if3<x<10
Answer
3, if0=sx<]
fx)=44, ifl<x<3
lfb. if3=x=10

The given function is
The given function is defined at all points of the interval [0, 10].

Let c be a point in the interval [0, 10].

Case I:

If0<ec <], thenf(c)=3and lim f(x)=lim(3)=3
sim f(x)= f(¢e)

Therefore, fis continuous in the interval [0, 1).
Case II:

If e =1, thenf(3)=3

The left hand limit of fat x = 1 is,
lim fx)= !iry{ﬁ_}z 3

The right hand limit of fat x = 1 is,
i /(x) = lim(4) = 4

It is observed that the left and right hand limits of f at x = 1 do not coincide.

Therefore, f is not continuous at x = 1
Case III:

If 1< ¢ <3, thenf(c)=4 and ITil:J}_,f'i:.'c) = ln;n(—l] =4

s lim f (x)= £ (c)

Therefore, fis continuous at all points of the interval (1, 3).
Case 1IV:

If ¢ =3, thenf(c)=35
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The left hand limit of fat x = 3 is,
lim f(x)=lim(4)=4

X3 X—=3

The right hand limit of fat x = 3 is,
lim f(x)=lim(5)=5

It is observed that the left and right hand limits of f at x = 3 do not coincide.
Therefore, fis not continuous at x = 3
Case V:

If 3<¢ <10, thenf (c)=5and lim f(x)=lim(5)=35

im 7 (x) = £ ()

Therefore, fis continuous at all points of the interval (3, 10].

Hence, fis not continuous at x =1 and x = 3

Discuss the continuity of the function f, where f is defined by

JE.\', if x <0
.f'{.r]= 0, if0=sx=<l
14.\‘, itx=>1
Answer
JE.\', if x <0
.f'{.r]= 0, if0=sx=<l
14.\‘, itx=>1

The given function is
The given function is defined at all points of the real line.
Let c be a point on the real line.

Case I:

If ¢ <0, then f(c)=2¢c
]L_irﬂ flx)= 13'111{2_1:] =2c
|]lTI flx)=r(e)

Therefore, fis continuous at all points x, such that x < 0
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Case II:

If e =0, thenf(c)=f(0)=0

The left hand limit of fat x = 0 is,
lim f(x)=1im(2x)=2x0=0

-+l

The right hand limit of fat x = 0 is,
r/ (x)= i (0)=0
slim f(x)=f
im /(x)= 7 (0)
Therefore, fis continuous at x = 0
Case III:
fl<e<l, thenj'(x} =0and lim f(x]l = Iimi:[}} =1
~ lim f(x] =_f(r_')
Therefore, fis continuous at all points of the interval (0, 1).
Case IV:
Ife=1, then f(c)=f(1)=0
The left hand limit of fat x = 1 is,
lim f(x)=lim(0)=0
s+l N x—l
The right hand limit of fat x = 1 is,
lim f(x)=lim (4x)=4x1=4
K=l K=l

It is observed that the left and right hand limits of f at x = 1 do not coincide.

Therefore, fis not continuous at x = 1
Case V:

Ife <1, thenf[c'] =4¢ and |in} ¥ i:'c) = ll_in;(tix} =4dc
c lim f(x] =_f(r_')

Therefore, fis continuous at all points x, such that x > 1

Hence, fis not continuous only at x = 1

Discuss the continuity of the function f, where f is defined by
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(=2, ifxr<—1
Slx)=12x, if —-1<x =1
|2, ifx=>1
Answer
(-2, ifx< -1
flx)=12x if —-1<x<]
|2, ifx=1

The given function fis
The given function is defined at all points of the real line.
Let ¢ be a point on the real line.

Case I:
If ¢ <~1, then f(¢)=-2 and lim f(x)=lim(-2)=-2
sim f(x) = f(c)
Therefore, fis continuous at all points x, such that x < -1
Case II:
Ife=—1, thenf(c)= f(-1)=-2
The left hand limit of fat x = —1 is,
lim fix)= lim(-2)=-2
x—=—1 Lr( } x—=—1 |[ }
The right hand limit of fat x = -1 is,

|_lm flx)= |_|m (2x)=2x(-1)=-2
- lim flx)=£(-1)

Therefore, fis continuous at x = -1
Case III:

If —1<c<l, thenf(c)=2c
lim flx)= lim(2x)=2¢

- im flx)=fle)

Therefore, fis continuous at all points of the interval (-1, 1).
Case IV:
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Ife=1, thenf(c)=f(1)=2x1=2
The left hand limit of fat x = 1 is,
lim ,,r"[x}—!i_pll{lr]—le =2

The right hand limit of fat x = 1 is,
lim f(x)= !i_U]E:E

x—|

sim f(x)=1(e)

Therefore, fis continuous at x = 2

Case V:

If ¢ =1, thenf(c)=2 and lim f(x)=1im(2)=2

|l_l:ﬂf[‘c} = f(e)

Therefore, fis continuous at all points x, such that x > 1
Thus, from the above observations, it can be concluded that f is continuous at all points

of the real line.

Find the relationship between a and b so that the function f defined by
) av+1, ifx<3
flx)= o
hx+3, ifx=3

is continuous at x = 3.

Answer

p ] ar+1, ifx=3
x)=
be+3, ifxr=3

The given function fis
If fis continuous at x = 3, then
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lim £ (x) = lim £ (x)= £(3) (1)
!Eﬂ fx)= !ﬂ“ (ax+1)=3a+1

|Lnl fx)= !]_{]l (bx+3)=3h+3

:,I"li?r]l = 3(F+.| |
Therefore, from (1), we obtain
da+1=3b+3=3a+l

= 3g+1=3h+3
—=3g=3h+2

2
= ag=h+=
3

2
a=h+=
Therefore, the required relationship is given by,

For what value of 4 is the function defined by
_ Alx* =2x), ifx<0
flx)= ( }
dx+1, ifx=0

continuous at x = 0? What about continuity at x = 1?
Answer

flx)=

The given function fis

r(xf ~2x), ifx<0
dx+1, iflx=0
If fis continuous at x = 0, then

lim £ (x) = lim f(x)=£(0)

= lim A(x*-2x)= lim (4x+1) = A(0°=2x0)

= A(07-2x0)=4x0+1=0

= 0 =1=10. which is not possible

Therefore, there is no value of A for which fis continuous at x = 0
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Atx =1,
fF(l)=4x+1=4x1+1=5
lim(4x+1)=4x1+1=5

T—ul

~lim £ (x) = £(1)

x=wl

Therefore, for any values of A, fis continuousat x =1

Show that the function defined by g“] - I_['1"]is discontinuous at all integral point.

x .
Here [ ]denotes the greatest integer less than or equal to x.

Answer
g(x)=x—[x]

It is evident that g is defined at all integral points.

The given function is

Let n be an integer.
Then,

g(n)=n-[n]=n-n=0
The left hand limit of fat x = nis,

lim g(x) = lim (x—[x]) lifl‘l{.r}—lim[x] n—(n—1)=1

=+ X—i =+t

The right hand limit of fat x = n is,
lﬂn g(x)= |I_1TJ‘| (x-[x])= _.lim (x)-lim[x]=n-n=0

It is observed that the left and right hand limits of f at x = n do not coincide.
Therefore, fis not continuous at x = n

Hence, g is discontinuous at all integral points.

f(x)=x"—sinx+5

Is the function defined by * continuous at x = p?

Answer

' . :.-‘:— 1 .-‘+5
The given function is-f(r} v —SIn A
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It is evident that fis defined at x = p

Atx=m, f(x)= f(n)=n"—sinn+5=n"-0+5=71"+5
Consider lim f(x) =lim(x —sinx+5)

Putx=m+h

If x —= m, then it is evident that h— 0

o dim f(x) = lim (x* -sinx +5)

AT N—T

= lim _[rr+ R —sin(m+h)+ 5}

=it |

=lim(n+h) - !ai_lrll_‘!ISIll (m+h)+1ims

fr—sil f—i)
={:1t . l}}_ Iim[s-in teosh+ L:us*n:s-[nh] 5
Jr—sl)
n° —limsin meosh— lim cos wsinh+ 35
=l Ffr—0

=n’ —sinmcos0—coswsin0+5
=n —0x1—(=1)x0+5
=n"+5

s lim f (x) = £ (r)

Therefore, the given function fis continuous at x = n

Discuss the continuity of the following functions.

(@) f (x) = sin x + cos x

(b) f (x) = sin x — cos x

(c) f(x) = sin x x cos x

Answer

It is known that if g and h are two continuous functions, then

g+h, g—h, and g 50 4150 continuous.

It has to proved first that g (x) = sin x and h (x) = cos x are continuous functions.

Let g (x) = sin x

It is evident that g (x) = sin x is defined for every real number.
Let c be a real number. Put x = c + h

Ifx—>c thenh—0
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g(c)=sine
limg(x)=limsinx

N L 1o

= Lnl]] sin (¢ + Pi_}

= Iim[sin ceosh+coscsin kr]
=1

=lim(sinccosh)+lim(cosesinh)

Fr—ai f—lp
=sinccos0+coscsin
=sinc+0
=sin¢

+ limg(x)=g(c)

Therefore, g is a continuous function.

Let h (x) = cos x

It is evident that h (x) = cos x is defined for every real number.
Let ¢ be a real number. Put x =c + h

Ifx—>c thenh—-0

h (c) = cosc

lim h(x)=limcosx

N—*C

= limcos(c+h)

fr—=ll

=lim[cosccos h—sincsin Al

Te=sll

= limcosccos h—limsinesin

fr—ll fr—+il

=cosccosl—sinesin()
=coscx|—=singx(

=C0scC

slimb(x)=h(c)

Therefore, h is a continuous function.

Therefore, it can be concluded that

(@) f(x) =g (x) + h(x) =sin x + cos x is a continuous function
(b) f(x) = g (x) — h (x) = sin x — cos x is a continuous function

(c) f(x) =g (x) x h (x) =sin x x cos x is a continuous function
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Discuss the continuity of the cosine, cosecant, secant and cotangent functions,
Answer

It is known that if g and h are two continuous functions, then

hfx]

~. (x)# 0 is continuous

g(x)

(7)

(i) : . g(x)# 0 is continuous
g(x)

(ii) _1 -, h(x) =0 is continuous
h(x)

It has to be proved first that g (x) = sin x and h (x) = cos x are continuous functions.
Let g (x) = sin x
It is evident that g (x) = sin x is defined for every real number.
Let ¢ be a real number. Put x =c + h
If x *c,thenh 0
g(c)=sine
1\1mg{1} = ]L_il;t'l_ sin x

= Li]:r: sin(c+h)

= Li];tlll[sil'l ccosh + coscsin P;r]

=lim(sinccosh )+ ]fim{cmr:sim’r]
il

b
=sinccos0+cosesin(
=sinc+0
=sinc¢
+ limg(x)=g(c)
Therefore, g is a continuous function.
Let h (x) = cos x
It is evident that h (x) = cos x is defined for every real number.
Let ¢ be a real number. Put x = c + h
Ifx®c, thenh ® 0

h (c) = cosc
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lim h(x)=limcosx

N—*C

= limcos(c+h)

fr—=ll

=lim[cosccos h—sincsin Al

Jr—sll
= limcosccos h—limsinesin b
fr—1 fe—l)
=cosccosl—sinesin()
=coscx|—=sincx(

=C0scC

s lim hl[xj h(c)

K=
Therefore, h (x) = cos x is continuous function.

It can be concluded that,

cosecxy = , sinx = 0 is continuous

snx

= cosecx, X #nw (ne Z) is continuous

Therefore, cosecant is continuous except at x = np, n iz

secy = . cosx # 0 is continuous
CO5 X

=S SeCY. X & {:Eu +1}% [n e Z) is continuous

T
x=(2n+1)= (neZ)
Therefore, secant is continuous except at 2

AT T

cotx = , sinx = 0 1% continuous

sinx
—colx, x# 0T {n [= Z] is continuous

Therefore, cotangent is continuous except at x = np, n iz

Find the points of discontinuity of f, where

_JS]nx_if.r{ﬂ

f(x)= l x

x+1 ifx=0
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Answer

[ﬂ ifx<0

f(x)=1 x
The given function fis l'T tl, ifx20

It is evident that f is defined at all points of the real line.
Let ¢ be a real nhumber.

Case I:

If ¢ <0, then f'(c)= M0E and lim f(x)=1lim

( sin v “‘| _sine
{3 X X .‘- "r J - ‘."‘

slim f(x)= f(e)

Therefore, fis continuous at all points x, such that x < 0
Case II:

Ifc >0, thenf (c¢)=c+1and lim f(x)=lim(x+1)=c+I
~lim f(x) = £ (c)

Therefore, fis continuous at all points x, such that x > 0
Case III:

Ife=0, thenf(c)=f(0)=0+1=1
The left hand limit of fat x = 0 is,

sinx

lim _f{.‘r}: lim =1

xibl]} x=pl} X

The right hand limit of fat x = 0 is,
lim f(x)=lim(x+1)=1

slim f(x)= ]n;rll f(x)=/(0)

|
Therefore, fis continuous at x = 0
From the above observations, it can be concluded that f is continuous at all points of the
real line.

Thus, f has no point of discontinuity.
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Determine if f defined by

A
y x sin—, ifx =10
flx)= x

] ifx=0

1

is a continuous function?

Answer

T
y x sin—, ifx =10
.fl-’f}— X

] ifx=0

1

The given function fis
It is evident that f is defined at all points of the real line.
Let c be a real nhumber.

Case I:

Ife=0, thenf{c} =¢ sin 1
o

o N YR B S LY SV | R
lim /°(x) —llm[x"sm— —{ im ][Ilmsm— |=c’sin—
N K \ _1' "_I K= ! A—wC _'x' /I |l_'

Ili[I!_ f{x] = f{c] \

Therefore, fis continuous at all points x # 0
Case II:

If ¢ = 0, then /{0) =0
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Kl Kl X x—ul x

lim f(x)= lim [,r: sin lJ = Iim[f sin l]

) .
It is known that, -1 =sin—=1, x =0
.

. 1 N
= —XT S8 — =X
X

r
. y . N R
= ]lm(—r‘] < I|m[ x sin— |[<limx”
vl a0l ¥ vl

s ; ] A
= 0=lim| x" sin— |£U
X h.".\ x-‘_.
5 1
:}][m[.‘c'sin J:CI
] X
o lim j'{x} =0

vl

. ) )
Similarly, lim f(x)=lim [x"sinlw = lim[:r" s.inl =10

x "Ll. ¥ #0" .x-/l K=l _1' fll
I_il‘Lrll flx)=r1(0)= litlr:)_ f(x)

Therefore, fis continuous at x = 0

From the above observations, it can be concluded that fis continuous at every point of

the real line.

Thus, fis a continuous function.

Examine the continuity of f, where f is defined by

_ sinxy—cosx,ifx=0
flx)= .
-1 ifx=10
Answer
sinx—cosx,ifx=0

”x}z{—l ifx =0

It is evident that f is defined at all points of the real line.

The given function fis

Let ¢ be a real number.

Case I:
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If ¢ # 0, then f'(¢) =sinc —cose

lim f(x)= |~_1r'|:|_{51n x—cosx)=sinc-cosc

sim f(x)=f(e)
N—*
Therefore, fis continuous at all points x, such that x # 0

Case II:
If ¢ =0, then f(0)=-1

lim f(x)=lim (sin x—cos.x) =sin0—cos0=0-1=-1

=)

lim f(x)= lim (sin x—cosx)=sin0—cos0=0-1=-1

x—=0

S lim f(x) ]Eyj[r] £(0)

—¢ll
Therefore, fis continuous at x = 0
From the above observations, it can be concluded that fis continuous at every point of
the real line.

Thus, fis a continuous function.

Find the values of k so that the function f is continuous at the indicated point.

kcosx .. T
Jfx# 5
flx)= m—2x = atx=—
! . i T
3, ifx=—
2
Answer
(kcosx .. L
ot Wry=—
fl{l}: mM—LX
- - b1
3, if X=_
The given function fis =
T T
r=— r=—
2 and if the value of the f

The given function fis continuous at- 2 , if fis defined at -

m
x= r=—
2

equals the limit of fat_

2|

at
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PR
I [
== f|5]=3
It is evident that f is defined at 2 and </
kcosx
lim f(x)=Ilim
J.-p::llr( } -r:-:ﬂ:_z.r
Put_rzgvfr
Thcn..r—:»;:w’r—z»ﬂ
- Is
kcos| +h
. . kcosx \ ]
solim f {r] =lim = lim <
. i . :.'T n-_zlx- ) T
2 2 IT—F_"[ —J’:|
\2 g
— klim unh=k| \.mhzk_lzﬁr
a2 2 b=t fy 2 2
b
T
yﬂfiﬂl I[E,
k-,
) =23
2
=k=06

Therefore, the required value of k is 6.

Find the values of k so that the function f is continuous at the indicated point.

y kit ifx=2
flx)= ' atx =2
a ] {3, ifx=2
Answer
k', ifx<2
A ]={3 ifx=2
The given function is ! T

The given function fis continuous at x = 2, if fis defined at x = 2 and if the value of f at

x = 2 equals the limitof fat x = 2

F(2)=k(2) =4k

It is evident that f is defined at x = 2 and-
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lim f(x)= Tle fx)=1(2)

X—F £

= lim (k)= lim (3) = 4k

= kx2"=3=4k

— 4k =3 =4k
=4k =3

3
= k==

4

.3
kis =

Therefore, the required value of 4.

Find the values of k so that the function fis continuous at the indicated point.

e+, ifx=n
= atx=m

f(x)

cosx, ifx>m
Answer

fx+1, ifx=m

-t
The given function is cosx, ifx >

The given function fis continuous at x = p, if fis defined at x = p and if the value of f at

X = p equals the limitof fatx = p

It is evident that fis defined at x = p and fm)=lm+l

lim f(x)= lim f(x)=f(n)
= lim (kc+1)= lim cosx = kn+1

¥+ X X’

= fn+l=cosm=kn+l

= kn+l=-1=kn+l
2
= k===
T
ks ==,
Therefore, the required value of T
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Find the values of k so that the function f is continuous at the indicated point.
e+, ifx=5

= o atx=35
3x=5, ifx=5

flx)
Answer
e +1, ifx<5
f'{x‘j— x+1, ifx

The given function fis T 3x=5,ifx>5

The given function fis continuous at x = 5, if fis defined at x = 5 and if the value of f at
x = 5 equals the limit of fat x = 5

It is evident that fis defined at x = 5 and f{j}: fx+1=5k +1
lim f(x)=lim f(x)=f(5)

= lim (kx+1) = lim (3x—5) = 5k +1

] x5

= Sk+1=153=-5=5k+1

= 5k+1=10
= 5k=9

9
:'sz

5

.9
ks —.
Therefore, the required value of 5

Find the values of a and b such that the function defined by

3, ifx=2
flx)=qax+bif2<x<10
21, ifx=10

is a continuous function.
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Answer
5, ifx=?2
.f'{.¥}= ax+hif2<x<10
21, ifxz=10

The given function fis

It is evident that the given function f is defined at all points of the real line.

If fis a continuous function, then fis continuous at all real numbers.
In particular, fis continuous at x = 2 and x = 10

Since fis continuous at x = 2, we obtain
lim f(x)=lim f(x)=7(2)

= lim (5) = lim (ax+b)=5

F

=5=2a+bh=35

= 2a+b=3 (1)
Since fis continuous at x = 10, we obtain

lim f(x)= rlim_ Fx)=r(10)

K—»lil
= lim (ax+b)= lim (21)=21
s—0 sl
= 10a+bh=21=21
= 10a+b =21 -(2)
On subtracting equation (1) from equation (2), we obtain
8a =16

By putting a = 2 in equation (1), we obtain
2x2+b=5

>4+b=5
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Therefore, the values of a and b for which fis a continuous function are 2 and 1

respectively.

Show that the function defined by f (x) = cos (x?) is a continuous function.

Answer

The given function is f (x) = cos (x?)

This function f is defined for every real number and f can be written as the composition
of two functions as,

f=goh, where g (x) = cos x and h (x) = x*

B (goh)(x)= g[h{x}} =g ['x'J ] = L‘L}E{.‘{'z } = ;f['c]]

It has to be first proved that g (x) = cos x and h (x) = x* are continuous functions.
It is evident that g is defined for every real number.

Let c be a real number.

Then, g (c) = cos ¢

Putx=c+h

Ifx—c, then h— 0

limg(x)=limcosx
N

K=o

=lim CDSl{(' +h)
I

Jr—ll

=lim [cnsa‘ cosh—sincsin J'?]

Fi—li
=limcosccosh—limsinesinh
fish i)
=cosccosl—sinesin0
=coscxl—sinex0
=C0s5¢
]:111 g(x)=gle)

Therefore, g (x) = cos x is continuous function.
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h (x) = x?
Clearly, h is defined for every real number.
Let k be a real number, then h (k) = k?

limh(x)=limx" =k

x—rk r—rk
Slimb{x)=hk
lim r{r} r[ )
Therefore, h is a continuous function.
It is known that for real valued functions g and h,such that (g o h) is defined at ¢, if g is

continuous at ¢ and if fis continuous at g (c), then (f 0 g) is continuous at c.

f(x)=(goh)(x)=cos(x’)

Therefore, - is a continuous function.

Show that the function defined by J {.r}:|cos ,1'| is a continuous function.

Answer

f(x)=|cosx|

The given function is-
This function f is defined for every real number and f can be written as the composition

of two functions as,

f=goh, Where"i'J‘r[";J =|.r and h(x) = cosx

[ (goh)(x)= g{h{x}] = g(cosx)= |{:m'x| = f{r]]

. 7(x) =|x| and h(x)=cosx . .
It has to be first proved that "i"[ ) | { } are continuous functions.

g(x)= |‘L| can be written as
—x, ifx<0
g(x) _{r, if x>0

Clearly, g is defined for all real numbers.
Let ¢ be a real number.

Case I:

Ifc <0, theng(c)=-cand limg(x)= lim (~x)=-c

K=

i (x)=2(c)
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Therefore, g is continuous at all points x, such that x < 0
Case II:

If¢ =0, theng(c)=c and Itiiz}g{x}: lTer x=c¢
~limg(x)=g(c)

Therefore, g is continuous at all points x, such that x > 0
Case III:

It ¢ =0, then {L} g(0)=0

(—x)=0
(

llmg }—llm x)=0

=

" lim g (x)=lim (x) = g(0)

r—sl) x—»ll

I1m glx)= I1
—31}

Therefore, g is continuous at x = 0

From the above three observations, it can be concluded that g is continuous at all points.

h (x) = cos x

It is evident that h (x) = cos x is defined for every real number.
Let ¢ be a real number. Put x = c + h

Ifx—>c thenh—0

h (c) = cosc

]lmh[r}—]nncosr

N—*C

= limcos(c+h)

fr—=ll

=lim[cosccos h—sincsin Al

Je—ail

=limcosccosh—limsinesinh

fr—ll fa—+il

=cosccosl—sinesin()
=coscx|—=singx(

=C0scC

slimb(x)=h(c)

K=

Therefore, h (x) = cos x is a continuous function.

It is known that for real valued functions g and h,such that (g o h) is defined at ¢, if g is

continuous at ¢ and if fis continuous at g (c), then (f 0 g) is continuous at c.
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F(x)=(goh)(x)=g(h(x))=g(cosx)=|cos x|

Therefore, is a continuous function.

: sin x| ) .
Examine that | is a continuous function.

Answer

Let f(x)=sin|x|

This function f is defined for every real number and f can be written as the composition
of two functions as,

f=goh, whereg['r} =|x| and /i(x) =sinx

I: {gr}h}{x] = g[h(r}) = g[:-;in x)= |:-sin X = f[.l}:l

g(x)=|x| and i(x)=sinx

It has to be proved first that are continuous functions.

g(x)=|x| can be written as

£{r1={

Clearly, g is defined for all real numbers.

—x, ifx <0

x, ifx=0

Let ¢ be a real number.

Case I:

Ifc <0, theng(c)=—-cand limg(x)= lim (—x)=-c

lim g (x) = g (c)

Therefore, g is continuous at all points x, such that x < 0
Case II:

Ifc>0, theng(c)=c and Iimg(_r} =limx=c¢
~limg(x)=g(c)

Therefore, g is continuous at all points x, such that x > 0
Case III:

Ife=0, theng(c)=g(0)=0
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lim g(x) = lim (-x)=0

lim g(x)=lim (x)=0

=

s lim g(x) = lim (x) = g(0)

r—s(l x—+ll
Therefore, g is continuous at x = 0
From the above three observations, it can be concluded that g is continuous at all points.
h (x) = sin x
It is evident that h (x) = sin x is defined for every real number.
Let c be a real number. Put x = ¢ + k
Ifx—>c thenk—0
h (c) =sinc
h(e)=sine

lim Fr(x) =limsinx

N—=% N3

= !]];l;! sm{c i k}

= Iim[sinccusk +coscsin ﬁf]
=]

= lim(sinccosk )+ lim {cnﬂ csin .!r]

=] bl
=sinccosl+coscsin(
=sinc¢+0
=sinc¢
L limh(x)=g(c)

N=¥g
Therefore, h is a continuous function.
It is known that for real valued functions g and h,such that (g o h) is defined at ¢, if g is

continuous at ¢ and if fis continuous at g (c), then (f 0 g) is continuous at c.

F(x)=(goh)(x) = g(h(x))=g(sinx)=|sinx|

Therefore, is a continuous function.

() =l =L +
Find all the points of discontinuity of f defined by"rr (T} |T| |1' I .

Answer

fx)=|x|-|x+1

The given function is*
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The two functions, g and h, are defined as
g(x)=|x| and h(x)=|x+1]
Then, f=g—h
The continuity of g and h is examined first.
2(x)=|x| can be written as

—x, ifx<0

g{x} ={r, ifx =0

Clearly, g is defined for all real numbers.
Let ¢ be a real number.

Case I:

Ife <0, then g{¢)=—c and lim g{r} =lim [—x}: -
~limg(x)=g(c)

Therefore, g is continuous at all points x, such that x < 0
Case II:

Ifc>0, theng(c)=c and Iimg(_r} =limx=c¢

~limg(x)= g(c)

Therefore, g is continuous at all points x, such that x > 0
Case III:

Ife=0, theng(c)=g(0)=0

|1m glx)= |n’n{r x)=0
]1m g(x)= llm{,x} 0

x—=l"

~lim g(x) = lim (x) = g(0)

x—»(l x—+ll
Therefore, g is continuous at x = 0
From the above three observations, it can be concluded that g is continuous at all points.
hix)= |.1'+ 1| can be written as
= (x+1), if, x < -1
nx)={ T
x+1, itx=—1

Clearly, h is defined for every real number.
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Let c be a real number.

Case I:
If ¢ <1, then hi(c)=~(c+1) and limh(x) =lim| ~(x+1) | = ~(c+1)
slimh(x)=h(c)

Therefore, h is continuous at all points x, such that x < -1

Case II:

If ¢ > 1, then h(c)=c+1and limh(x)=lim(x+1)=c+]

T

o lim r’r[x] = h{c)

Therefore, h is continuous at all points x, such that x > -1

Case III:
If e =—1, then h(c)=h(-1)=-1+1=0

lim h(x)= lim F—[x-i—l)] —(=1+1)=0

| r——] =

lim h(x)= lim (x+1)=(-1+1)=0

x=—1" ! x=—1"

solim B(x) = lim A(x)=h(-1)

x—=—1 fe——1
Therefore, h is continuous at x = -1
From the above three observations, it can be concluded that h is continuous at all points
of the real line.
g and h are continuous functions. Therefore, f = g — h is also a continuous function.

Therefore, f has no point of discontinuity.
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Exercise 5.2

Question 1:

Differentiate the functions with respect to x.

s.in(x'1 +5)

Answer

Let f (x) =sin(x"+5), u(x)=x"+5, and v(¢) =sint
Then, [vm.'}{x} = v{u{x]} = v{xz + 5] = tan(x: | 5) = _f{x]
Thus, fis a composite of two functions.

Put¢= u[x}::r: +5
Then, we obtain

dv . (oL s

E=E[smr]:cu51=mb{1 +:J)

df d b o d z dr _ —

i a7 () g ()= 20

Therefore, by chain rule, 4 = dv dt = ms[xl +5):-c 2x = 2.1c<:tlns(x2 +5)
dt dx

Alternate method

%[sin(x’+5ﬂ cos(r +5]-di{r +5)

X

= cos(x* +5)- i[ )+ .:r 5]}
=cos( ) [2x+0]
+5)

—Zruh[

Question 2:

Differentiate the functions with respect to x.

cos(sinx)
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Answer

Let f (x) = cos (sin x),u(x) =sinx, and v(f) = cost
Then. (vou)(x)=v(u(x))=v(sinx)=cos(sinx) = f(x)
Thus, fis a composite function of two functions.

Putt = u (x) = sin x

.:J:h _ j [ms‘_]:_sinf = —sin{sin x}
df r
drd .
E:{i—{ﬁlnx}:'cgsx
X

df  dv di oo o
- == _ﬁln[ﬁln .\‘]-L‘st= _Cﬂﬁ.'fﬁln[ﬁln X]
By chain rule, @x  df dx

Alternate method

d . L
y; [::(15;{5;111 r}:l = —sin(sin x] .

d
x dx
Differentiate the functions with respect to x.
sin{ax+b)
Answer
Letf (x)=sin(ax+b), u(x)=ax+b, and v(¢)=sint
Then, (vou )(x) 1-‘{zr{x}} v(ax+b)=sin{ax+ b) f(x)
Thus, fis a composite function of two functions, u and v.

Putt=uxx)=ax+b
Therefore,

av  d .
—=—(sint)=cost=cos{ax+h

- = 7 in) (ax+b)

ar  d b d .
—=—(ax+b)=—I|ax)+—(b)=a+0=a
v n’x[ ] rbr( ) n’x[ )

Hence, by chain rule, we obtain

ﬁ: ﬂﬁ: cos[ax : b}-.:J:acnﬂ{ax ; h]
dy  dr dx

(sinx)=-sin [.\;in x] £COSX = — Cos xsin(sin _r}
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Alternate method

i[s{n[ax+b}]= cas[ax+£:).i[ax+h)

X ax

= cos(ax+b) [%{MIH %[b}}
=cos(ax+b).(a+0)

=a Cos[ax+b}

Question 4:

Differentiate the functions with respect to x.

ac{on(5)

Answer

Let f(x)= s-‘dc(tan '\.E)H(’T} = \.";1[:} =tant,and w(s)=secs

Then, (wovou)(x)= H-'I:'-’{I'-‘[,‘c‘})] = w[u[xf,_” = w(tan wf'}) = scc(ran J—T) = f(x)

Thus, fis a composite function of three functions, u, v, and w.
Puts =v(f)=tans and r =u(x) = x

Then. i’p = j (secs)=secstans =sec(tant).tan (tant) [.v: tan r]
5

:sec[lanﬂ]-lan(land;) [r:\f;]

%:%{tanf]zsec:fzs&czﬁ
di d di 2 1 Lo
dr_dr(ﬂ)_drk" ]‘2“ Tk

Hence, by chain rule, we obtain
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et :dwldsld.f

dy ds dr odx

:se-::(lan-.u'{;}- lan(mn\.";)xsecz V% 2‘};
g,j_m v"_scc(tanv'x)tan[tanv'{_]

| sec” \.I'Tsec(tan »,I'T) tan (lan J;)

B 2Jx

Alternate method
[ see{tanx) | =sec(tan ). tan(tan Vi) (1an %)
= sec(tan /) tantam ) s (1) ( )
= sec(tan x )-tan tan V/x ) -sec’ (vx )
sec( tan Vx )- tan(1 anx )sec? (V)

%\

,.1

Question 5:

Differentiate the functions with respect to x.
sin(ax+h)

cos(ex+d)

Answer

£(x)= sin{ax+h} _ i[{r}

The given function is CDS{M‘I_ d) x)

h (x) = cos (cx + d)

o gh-gh
o f .

Consider g(x) = sin(ax+5)
Let u(x} =gx+ h.,v{f} =sin{

Then, [mu}{.\') = v(zr[x}) = v(ux+b} =sin(ax+b)= g[l}

, where g (x) = sin (ax + b) and
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~ g is a composite function of two functions, v and v.

Puts=u(x)=ax+b

av d

— =—(sint)=cost =cos|{ax+b

di a’lf[ } [ )

daird d d

—=—/(ax+b)=—|ax)+—(b)=a+0=a
dx ri’x[ ) (ir(u ) ci’x[ )

Therefore, by chain rule, we obtain
,_E_dv dt

g'= o = cos(ax+ b)-a=acos(ax+b)
Consider h(x) = cos(cx+d)
Let p(x} =ex+d, g 1-‘} =CO0s Y

(.
Then.(gop)(x) = q{p{x}} =g(cx+d)=cos(cx+d)=h(x)

~h is a composite function of two functions, p and qg.

Puty=pXx)=cx+d

dq i{cos_v} —sin y —s[nl[c.rﬂ-’]
dy dy
dy

d d i
— - d — '_ d =
D (exrd)= (ex) 4 (d)=c

Therefore, by chain rule, we obtain
h  dg dv
h,=f__€qlf} _

i _E e ~sin(ex+d)xe=—esin(ex+d)
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. acos(ax+b)-cos(cx +d)—sin(ax+b){—csin (cx+d)|
[ms{c.x+a‘]]z

sin(cx+d) |

cos(ex+d) cos(ex+d)

~ acos(ax+b)
 cos(ex+d)

+esin(ax+b)-

= acos(ax +b)sec(cx+d)+esin(ax+b)tan(cx +d )sec(ex+d)

Question 6:
Differentiate the functions with respect to x.

=3

3o 2
COsX7.51n {,!. )
Answer

o2
cosx .sin” | x
The given function is { )

%[cns x* -sin’ (1*” = sin’ (x’)x %{msx‘ ) +cosx’ x %[sin‘" {x"ﬂ

[sin .1'5]
)

= sin’ (x‘)x(—sin_r“]x (x"}+ cos x° xZSin(f}

&=

d
dx

5 o
. 3 e 2 2 . 5 ; 5
= —s5Inx sin (x }xB_t +25InX COSX COSY X —

—

= —3x"sinx’ -sin’ [xﬁ)+ 2sinx’ cosx’ cosx -x5x”

=10x"* sinx” cosx” cosx” —3x” sinx" sin® [xq)

Question 7:

Differentiate the functions with respect to x.

2, [cot [xl )

Answer
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%[EJmt(f]}

F cot
sin(xﬁ) x —C0sSec” (r’)x i(r:}

dx

[( e x{h

\I'(C'DSI' x."rsm ¥ sinx’
—Zsﬁx
= . L] - . +
W2sinx” cosx” sinx”
—E\Ex

N : - :
sinx”+/sin 2x

Question 8:

Differentiate the functions with respect to x.
cus(x’g)
Answer
Letf(x)= cos(v‘rJ_c]
Also, let u(x)= Jx
And, v(r) = cost
Then, (vou)(x)= v{u{x}}
~v(45)
= cos/x
= f(x)

Clearly, fis a composite function of two functions, v and v, such that

t=u(x)=+x
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odr dy~y o df )1
Ihen,f;:m(u'{;]:m‘tx-/J: ¥ 2

And, v _ ifcosr] =—sint

dt dt
= sin(.\,";}

By using chain rule, we obtain
didv di
de dt dx

= -sin(Vx)

] ) P "
N sm{_\f}_]
~ am(ﬂ]
N

Alternate method

%[cos(ﬁ?” =—sin(£),di[“,n';]

Prove that the function f given by

f{r] =|']"_ I|’ ve I;t“is notdifferentiable at x = 1.

Answer

flx)=|x=1,xeR

The given function is
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It is known that a function f is differentiable at a point x = c in its domain if both
fle+h)-1le c+h)-1le

et h ot h are finite and equal.

To check the differentiability of the given function at x = 1,

consider the left hand limit of fat x =1

F(1+h) __f'[l)zlim 1+ h=1]-[1-1]

lim

h—sll} fi Te—sll h

im0 i (h<0=>|h|=—h)
Jrald h fa=ui) _|Il|r

=-1

Consider the right hand limit of fat x =1

S(1+h)- {I} N l— —1|-|1-1
f—ll’ h !.l wi} .I'Ii'
im0 iy (h>0=H|=h)
fe—1" h h—" ‘Ilil .

=1
Since the left and right hand limits of f at x = 1 are not equal, f is not differentiable at x

=1

[]Ucr«: < not

Prove that the greatest integer function defined by" (
differentiable at x = 1 and x = 2.

Answer

The given function fis" f(x)=[x].0<x<3

It is known that a function f is differentiable at a point x = c in its domain if both
fle+h)- 1Flc c+h)-1le

e h o h are finite and equal.

To check the differentiability of the given function at x = 1, consider the left hand limit of

fatx =1
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fen)-f(1)  [1 ;;] [1]

lim lim
s} h  hs0
-1 -1
=lim——=lim—=m

Sl ,I[f sl ;jl
Consider the right hand limit of fatx =1

g SO+R) =7 () [l+h] [1]

f—ll .r{i' "

Lo 1=1 .
=lim—=lim0=10
[ -’

Since the left and right hand limits of f at x = 1 are not equal, f is not differentiable at
x=1

To check the differentiability of the given function at x = 2, consider the left hand limit
of fatx = 2

o S@em)-£(2) | [2+4]-[2]
i) B fe—il b

L 1-2 . =
= lim =lim-—=m=

[T bl

Consider the right hand limit of fat x =1

f(2+h)-1(2) _ [""”?] [2]

lim lim——+=*-+
h—al)’ h fr—ail”
2=2
= lim =lim0=0
[T Hi—sd)’

Since the left and right hand limits of f at x = 2 are not equal, f is not differentiable at x
=2

Page 49 of 144



Class XII Chapter 5 - Continuity and Differentiability

Maths

dy
Find ¥
2x+3y=sinx

Answer

The given relationship is

Differentiating this relationship with respect to x, we obtain

i[h’— 3y)= %(Sin x)

d Lod .
— 2x)+ 3v)=cosx
25 5 B)

L)
=243 =Cosx

dx

dy
= 3—’1 =gosx—2

e
dy cosx-2
dy 3

dy
Find v :
2x+3y=siny
Answer

The given relationship is

Differentiating this relationship with respect to x, we obtain

o
dx

d . d
—[3y)=—(siny
2 3Y)=(siny)

dx

(2x)+

2x+3v=sinx

2x+3y=siny
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v v
:>2+3§—J’=¢:(:ut=.y+L
dx dx
gb:
= 2=(cosy-3)—
(cosy=3)—
= Q:L
Cde cosy-3
dy
Find dx :

ax+by* =cosy

Answer

The given relationship is

[By using chain rule]

ax+hy’ =cos y

Differentiating this relationship with respect to x, we obtain

%[ﬂr)+ %(hyl ] = %(CL‘IS v)

:=u+h%{_v:}=%{cusy} (1)

Using chain rule, we obtain dlx

dy

= 2_]_'_
dx gpg dx

)

From (1) and (2), we obtain

dy .
a+bhx2y—=-siny

dv

dv

dx

=>(2by +sin }-‘}% =—a

»
Ldy _ -a
Uy 2by+siny

dy
Find 4 :

Xy +J-‘2 =tan x+ ¥

—(cos y)=-siny

-(2)
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Answer

The given relationship is~

Xy +_j-‘2 =tan x+ v

Differentiating this relationship with respect to x, we obtain

%(":—‘”J-‘E]:%{lmuﬂ;)

= L () + L (17) =L (1 )+ 2
:['LI‘;_;{A- +I‘%}+2}’%=sec:x+%
=yl %+7}’%=Sec:1+%

= (x+2y-1)—-=sec’x-)

x4+ xv+yt =100
Answer

The given relationship is* Tt} = 100

[Using product rule and chain rule|

Differentiating this relationship with respect to x, we obtain

d ;o - d
X +xr+y )= 100
a,c{ v+ 37 . (100)

[Derivative of constant function is 0]
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= 21+[]«‘- d [:r]+x-@

ey . .
+2y—=10 Using product rule and chain rule
dx dx} T odx [ &P ]

:>21+,1f-l+1-dv+2y ==0

= 2x+y+[x+2y]%=ﬂ

cdy 2x+y
Cdx x+2y

Question 6:
&
Find d¥ :
X +xty+xpyt +y =81
Answer
The given relationship is X +xty+xyt+y =81

Differentiating this relationship with respect to x, we obtain

%{ +r}+1‘1 +v )=i‘{81)

= )+ L (W) (07)+ £ () =0
:>3t’+[t%{rz]+ ”m} [ %{ :|+31»' '
|

» dy 2 dy ) dy
7 4 Atx-2v- P32 Yo
y-2x+x }+[ +x-2y- g }+ v’ &

dx ns

= {x'J +2xv+ 3_1:2)% + (3.\"’ + 2x_v+_1*") =0
Cdy (320 +)7)

S dx (xg N 2.3’.]’4' 3,1‘:)

Question 7:

Q
Find @ :

' 2
sin” y+cosxy=m
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Answer

The given relationship is S V' +C0SXV=T7

Differentiating this relationship with respect to x, we obtain

ﬁr . 3 . (II
i [sm y -I-LU‘:'}X_}’] = dx{ﬂ:]

d e 2 d A
:s-dx{sm _}-]-I—dx((‘,{‘lsx_}} 0
Using chain rule, we obtain

d . 4 .ood . . dv
sin~ y|=2smny Sin v) =250 ycos y—
r[ J] ' a’x( Y) ! T odx

d V= —sinr- 2 () = —sin v v-E () +x 2
—x[cus,t}-}— sm:J.}dx(:r}}— smij dr[x]+.1{iTJ

| dy . . fy
= —sinxy| y.1+x—— |=—ysinxy— xsin xy—
‘ Frky

From (1), (2), and (3), we obtain
. dy ) . dy
25in yeos y—— psinxy—xsinxy—=10
) } de - £ ) de
= {2 sin y cos v —xsin Jn»)—:l = ysinxy

As

: . dy :
= (sin 2y — xsin xy}T} = ysinxy
Ly

cdy ysin xy
dx sin2y-—xsinxy

ﬁ
Find v :
sin” x+cos” y=1
Answer

-] T
The given relationship is sin” x +cos” y =1

(1)

(2)

Differentiating this relationship with respect to x, we obtain
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d . 4 3 d
—|smn" x+cos v)=—1/(1
y )=
d ;. 5 d ;
= —|sin“ x|+ —(cos” v]=0
g+ g (08 )
= Zﬂinx-i[:sin x)+ Ecnsy-i{cns y)=0
dx dx T

. . dy

_>2ﬂmxcnsx+2c05}'[—smy}~—'=ﬂ
c
= ﬂinix—sinl_}'ﬁz ]
dx

cdy sin2x
Tdx sin2y
Question 9:

dy
Find @ :

) .( 2x ]
y=s5n S

l+x°

Answer

v =sin '( } ]
The given relationship is I+x

. .( 2x J
¥ =sin .
’ 1+ x°

. 2x
= s§iny = -
l+x°

Differentiating this relationship with respect to x, we obtain

d d"?x]

)= o

dy d| 2x
= C0S Y —— = — - (1)
Ty del 1+x0

2x u

The function, | +% | is of the form of V.

Therefore, by quotient rule, we obtain
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d( 2x ):[I+x3).;—’;{2x}—2x.i(|+xe]

(1+x3)r

(1+x7).2—2x-[0+2x] 242004y 2(1-x7)

(I+.'r2)J (1+x3)2 (I+J¢‘3]2

. 2x
§in y = ;
Also, 1+ x

. || 2¢ Y
= cosy =.fl-sin” y = l—[l 1} =
+x

| 2\ :
|(1—-Y) Cl=x
\|{1+x'1)3 ]+x1 [3]

From (1), (2), and (3), we obtain

del 14+ x°

-(2)

1—x° xﬁ: 2{]_1-_;}

I+x* dx (1+x2)‘

dy 2
= =

dv 1+x
Question 10:

Q
Find @ :

tan ' 3x—x° ] <x< .
V= 3 |2 ” =
' 1-3x* | 3 NE]
Answer

Ix—x'
y=tan'[] 33]
The given relationship is o
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A 3x—x7
y = tan —
1-3x

- _:c.'!
= fany = (1)
= 3X"
3tan? —tan® _
tan v = 3 : 3 (2)
1-3tan’ )
It is known that, 3

Comparing equations (1) and (2), we obtain
x= tami

Differentiating this relationship with respect to x, we obtain
d (.

—(x)= c—t mn“]—]

dx dx 3

:bl=HEL‘:£~— =
3

Answer

The given relationship is,
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Kl_x?
_1»'=ms'L ]
1+ x°

= COS ) =

14 x°
I—tan® 2 -
= 2 =] -
5 ¥ -
1+ tan~ - e

On comparing L.H.S. and R.H.S. of the above relationship, we obtain
tan Y- X

Differentiating this relationship with respect to x, we obtain

Laf:n;:z‘rrar _v]:d{x)
2 del 2) dv
ﬁscczixlﬁzl
2
dv 2
dx secl‘y
2
; 2
A
dx 1+ tan® 2
2
dy
Tdx 1+x°
dy
Find € :

. I —x
_v:sm'[ T,J,U«:x«:l
l+x~

Answer

. .(1 -x ]
¥ =5 g
The given relationship is T
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= 1 ]_Ji-:
V =5In 3
' (11—1"]

.

) l—x"
= sny= 3
1+ x°

Differentiating this relationship with respect to x, we obtain

4 nn)-2{175] 1)

1+x°

Using chain rule, we obtain

d (sin y)=cos e
et > dx

d {I—-xz]_ (1+x7)-(1-x) _(11—_r')~(l+.r) [Using quotient rule]
ax| 1+ x°

{1+x:]|[—2x}—(11—x3)-{2x]

(I +x3)_

_ “2x—2x" —2x+2x°
(1+x'1]:
—Ax
_ ﬁ (3
(l+x'1]‘ { )

From (1), (2), and (3), we obtain
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2x dv = —4x
I+ x* dr {1+x:)?
d_ -2

dv 142

Alternate method

= 1 ]_.’l:
¥ =5In S
' (1'1'1"]

»

) l—x
siny= -
= 1+ x°

:>{l+_r:)$il1y:l—x:

= (1+siny)x* =1-siny
, l=siny
Sy =—
l+sin v
Fﬂﬂﬂ Y _sin L]
2 L 2 2
=X = -
[ Vosin |
Cos < +sin
2 2
Voo
€08~ —sin -
- = 2 2
YooY
Cos — +sin
2 2
¥
1—tan-
oxm— 2
1+ tan >
2
'H L]
:v.rztan(——}—w
\4 2]

Differentiating this relationship with respect to x, we obtain

Page 60 of 144



Class XII Chapter 5 - Continuity and Differentiability

Maths

:}1={l+11]{—1 dy
2 dx
dy -2
de 1+x°
Question 13:
dv
Find ¢ :

I 2x
¥ =Cos | ~|,—-l=x<]
\\I‘I'JL"

Answer

!
y=cos [ - J
The given relationship is I+x

| [ 23‘: ]
¥ = Cos s
’ l+x

2x
= COS V= -
l+x

Differentiating this relationship with respect to x, we obtain

i[ms}:}zi.( 2x ]

dx dv \ 1+

Wy d d 2
o VI;:(1+I')-ir[lx]—zj(-dx(]+x']

dx (1+2)
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s dy (1+x:)><2—2x-2x
= =/l —cos” y—=
dx 1+ x°

(
| (]]L[)) |

E=1+x:

Question 14:

aj.‘

Find ¢ :

¥ :sin"(lt'ﬁ), —%

<X <

2
Answer

v =sin"' [lhu'l —x ]
lationship is ’

¥ :sin"(ixw.l'l—x:]
= siny = 2xy/1-x°

Differentiating this relationship with respect to x, we obtain
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T dx |

cosv——z (\n'rl +v’|—x'—
dx [ dx J dx |
— _ -
= \/1-sin Ld——i — - x

dx 2 ]—x:
T\ dy —x* +1-x
- 1—(2».!1—;") L) i
dx I —x°

Question 15:

dy
Find @ :

p=sec | b ch{i
' 2 -1) J2
Answer

|
v =sec '[:—]
The given relationship is 2a -1

y =sec '[ J ]
’ 2x -1

Page 63 of 144



Class XII Chapter 5 - Continuity and Differentiability Maths

= cosy=2x" -1

= 2x" =1+cosy

= 2x* =2¢cos

-3 "=

— X =C05—
4

Differentiating this relationship with respect to x, we obtain

E dJ.
= 1= 1111J'I~ﬂr ‘]J
2 dvl 2
L la
sin}' 2 dx
2
dy -2 -2
::-”i —] }J=
* s l—cos J
2 9
dr (1 — ¥
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Differentiate the following w.r.t. x:

K

€
sin X

Answer

& X

y==
Let sinx

By using the quotient rule, we obtain

dy sinx ;i(e” ]I - :i(:;in x)

dx sin” x

- sinx.[e" } —¢"-(cosx)

sin” x

" (sinx—cos x|
= — ;I,,.T?ffl']'t,,nEZ.
sin” x

Differentiate the following w.r.t. x:

Sl X

(=
Answer

18 ! I

Let? =€

By using the chain rule, we obtain
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ﬁ_i[{,>an “)

d - drt
dy _ psin s ,i(ﬁin_l -T}
dx dx
3m I-T I
= " =
V-2
~ ﬁ_\in 'x
VI-x7
ﬂ: L"_1.{.E{—|_]}
dx \.'Il —X

Show that the function given by f(x) = e* is strictly increasing on R.

Answer

Let ™ and x, be any two numbers in R.

Then, we have:

X <x,=2x <2x,=>e " <e = f(x)< f(x)

Hence, fis strictly increasing on R.

Differentiate the following w.r.t. x:

Answer

Let V' =€
By using the chain rule, we obtain

ﬁ - i('r—"t;] = i’f il:'t%} = E"TI 3yt = 31:1«"‘3

dy o

Differentiate the following w.r.t. x:

sirt{tan )
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Answer

Lety:sin[tan o)

By using the chain rule, we obtain
ﬁ o d

E[Sin[tan" E'”)]

dr ¢
_(tan e ")

| =

= cos[tan 'e '}-

B

=cos(tan 'e '); d (e T)

cns(tan" e"‘]
——g " — —.t:]
l4+e " el

e cus(lan'] e’ )

- (1)

1+

e cos(tan"'e™")

Yy
1+

Question 5:

Differentiate the following w.r.t. x:
log(cose” )
Answer

Let? ™ log cose” )

By using the chain rule, we obtain
dv [

— = —| log| cose’ ]

dr oy E{ )

= — L(JHG'T}
COs¢
1 v
= L{—mne’*}- (e‘}
cose dx
—sine” |
= =
cose

- n
=-e"tane’,e" #(2n+ I}E,n =N
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Differentiate the following w.r.t. x:
e e’ 4. e

Answer

(e" +e" +..+e" )
ey

{ oy dfoy diey diay df
:;x{e ]+u!r(-£l )+dr(e )+dx[€ )+d,r‘€ )

s @) ] L)oo L) 1| L)
="+ (e x2x)+ (e x32°) +(g x 427 )+ (e x5x)

= e 1.3 5 =4y
=" +2x¢" +3xe¢" +4xe" +35x7"

Differentiate the following w.r.t. x:
Ve x =0

Answer

LetY = V{‘J_

-

Y =P
Then, ¥ =€

By differentiating this relationship with respect to x, we obtain

YT
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y! — E-.".x
cdy e . .
= 2y— =" —(Jx By applving the chain rule
yoo=et —(x) [By applying ]
N
= Ej:d];=€“ ——=
dx 2 Wx
dy e
— Y _
dv  4px
iﬁ_ v\"ﬂ
N N
&y = EI? . x>0
A 4yxe”

Differentiate the following w.r.t. x:
log(logx).x >1

Answer

LotV = log(log x)

By using the chain rule, we obtain

dv d .
—=—1/| log(log x
dx a’,\'[ g(log ’:I:I
]
= ~i{logx}
logx dx
__1 1
logx x
1
xlogx 5 4

Differentiate the following w.r.t. x:

cos.x

x>0
log x
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Answer

_COsX

Let' - log x

By using the quotient rule, we obtain

dy :{cos;x}xlagx—cm;xx i{lngx}

_ dx ¢
dx {Iugx}'
—sinxlogx—cosxx :
_ X
(logx)’
_ —[xlogx.sinx TCD“],_V o
x(logx)

Question 10:

Differentiate the following w.r.t. x:
cos(logx+e*), x>0
Answer

Let? = cos(lﬂgx +::"]

By using the chain rule, we obtain

%:—sin(lugx+e‘)-%[lﬂgr+£‘"]

=—sin|logx+e" ) da log x )+ d e
b b
x ¢ ]

X

= —sin (10g3;+ e’ ] -[l_+e“' ]

i1 T"l )
=—| —+¢' sm{logx+e"),x>{l
I\x /I
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Exercise 5.5

Question 1:

Differentiate the function with respect to x.
COS X.C08 2x.C08 3x

Answer

Let v = cosx.cos 2x.cos3x

Taking logarithm on both the sides, we obtain
log vy =log {-.:ns x.cos2x.cos 31‘]

= log v =log [cus x] + Icg{cu:-; 21‘} + log (cus 3x]

Differentiating both sides with respect to x, we obtain

| dv 1 d i 1 d .
—= = ——(cosx)+ ~—(cos2x )+ . c0s 3x)
vde cosx dx cos2x dx cos3x dx
J L sin2, i3
:;,i:‘;_s"”‘_s'" rli(zx_sm r_i{k]
fris cosx  Ccos2ry oy cos3x

S —— = —C0SX.CO82x.cos3x [tan x+2tan2x + 3tan 3.r]
[

Question 2:

Differentiate the function with respect to x.

\/ (x=1)(x=2)
(.t—3}[x—4}{x—5]

Answer

. J[ G0-2)

x=3)(x—4)(x-5)

Taking logarithm on both the sides, we obtain
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ogv=Ilo [x—l}{-'f—g}
e g\/{x—s}{x—*‘l(r-”

(r=1)(x- 2) ]

—.:-;I(,x -I

1
=logy= lﬂg[

= logy= %[Iog{[x— ) (x- 2)} —]0@{{.1’—3}{1—4](.1—5]}]

= log y = %[Iog[_t—l]+Iog[.x—2}—Iog[x—3)—Iog[.x—4}—log[x—5}]

Differentiating both sides with respect to x, we obtain

Il PP -2 —(x=3
| '54"}" 1| x=1 d.x( ] (x 2)- x=3 u’t(l }
vy 2 1
y - —(x-4)- —(x-5

x—4 a’v( } x=35 a’r[r }
:,ﬂ=£[ 1 . 1 - 1 B 1 B 1 ]
de 2lx-1 x-2 x-3 x-4 x-5

cdv 1 -—I}{n—][|+1_1_1_|}
o 2\(x-3)(x-4)(x-5) Lx-1 x-2 x-3 x-4 x-5

Question 3:

Differentiate the function with respect to x.

(logx)”

Answer

BT

CoE N

Lety=(logx)
Taking logarithm on both the sides, we obtain
log y = cos x-log(log x)

Differentiating both sides with respect to x, we obtain
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1 dv d d
—-—=—/cosx)xlog(logx)+cosxx—| log|logx
v odx cr’.r( ) g{ g ) d.v.'[ b[ ¢ }]
1 dy . | il
= —.—=—sinxlog(logx)+cosxx -—(log x
v dx g( = } log x a’x{ ex)
= &y = y| —sinxlog(logx)+ cOs X . ]
dx logx x|
dv cose | COSXY |
So—=[log x —sinxlog(log x
dx (log ) lxlngr g(log }i|

Differentiate the function with respect to x.
xt =2

Answer

Lety=x"—2""

Also, let x* =y and 2" = v

S

de  de oy
u=x*

Taking logarithm on both the sides, we obtain
logu =xlogx

Differentiating both sides with respect to x, we obtain

lau _ [%[I}x Iog:r+x><%|i|ﬂg-‘f}}

i dx
i 1]
= =u|lxlogx+xx
dx x|
du .
= —=x"(logx+1)
cx
::vdi—x‘[lﬂo x)
dx g
v = 25inx

Taking logarithm on both the sides with respect to x, we obtain
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logv=sinx-log2
Differentiating both sides with respect to x, we obtain

L v —logz-i{sinx]

vodr ey
dv
= —=vlog2cosx
dx
dv
= &= 29 s log2
alx
b (1+logx)-2"" cosxlog?
T

Question 5:

Differentiate the function with respect to x.

(x +3}1.(.¥+4}1.{I+5)4

Answer

Lety = (x+3) (x+4) .(x+5)°

Taking logarithm on both the sides, we obtain
logy =log(x+3) +log(x+4) +log(x+5)’

= log y =2log(x+3)+3log(x+4)+4log(x+5)

Differentiating both sides with respect to x, we obtain

]—_ﬁzl- 1 -i[:r+3}+3- I -i(x+4]|+4- -i{x+5}
v dx x+3 dx x+4 dx x+5 dx
dy 2 3 1
=>—=y + +
de | x+3 x+4 x+5
dy 2 3 4| 2 3 4
= ——=(x+3) (x+4) [x+5) - + +
dx ( 3 ]{ } L:+3 x+4 ,r+5}

dy

-

dx (x+3)(x+4)(x+5)

dy

= =+ 3) (x4 4) (x4 5[ 2(x7 9+ 20) 4 3(x" +8x+15) +4(x" + 7x+12)]

frhy
dy

T (x+3)(x+ 4}2 (x +5) (913 +70x + 13.':‘)
v

— D _ (.‘c+:]:{_\'+4]3 {_r+5}4 .[2{'“' 4)(x+5)+3(x+3)(x+5)+4(x+3)(x+4)

|
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Differentiate the function with respect to x.

& X '“
(s+1) aal)
X J

Answer

f l x |'|‘_I"I
Lc[_1-':| x+—] A
LoX
1y [1+L]
Also, let u =[_1;+_r] and v = x* *

LV=utv
::-£=ﬂ+ﬂ (1)
de  de  dx

3

Then, u = [.\' + ]—J

X

1y
= logu = Iog[x+—]
X

"

::»]c-gn—x]og(.r+lJ
) X

Differentiating both sides with respect to x, we obtain
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—I-ﬁ—i{x}x]og[x+l]+rxi Iag[r+l]
u dx dx x)  dx Cox

1 du 1 1 e |
= ——=lIxlog| x+— |+xx —|x+—
w oy X [ I] cx X
X+ —
X

dn 1 X 1

= —=ulog| x+— [+ % 1=—

elx x [ I] x
X+

x+lJ x;_]+log[x+lﬂ -(2)
x) | x +1 X

()
= logv=log|x *

]
:>10gv=(l+—]|ogx
X

Differentiating both sides with respect to x, we obtain
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1 dv el 1 1Yy d
f—= (1+ J xlugx+[l+ ] log x
vodv | dx X x ) dx

1 dv 1 11
= ——=|—— |logx+|1+—|-—
v odx x” x,) x

1 dv logx 1 1
= ——=———t—+—
v dx X x X
dv [—logx+x+l}
==y
dx x°
.’11-1\ —_ ]
:}a‘v:x[ _Tg[x+1 jlugx] -(3)
dx x°

Therefore, from (1), (2), and (3), we obtain

dy | ]]’" -1 [ ]] |:"l.:[.r+]—log.rJ
—=|x+— —+log| x+—||+x —_—
dx [ x| xm+1 X x

Question 7:

Differentiate the function with respect to x.
(logx)" +x"

Answer

Let y = (log x) " e

logx

Also, letu =(logx)" andv=x

R TES TR Y
de de dx
u = (log x)*

= logu = Iﬂg[{lug 1}}
= logu = xlog(log x)

Differentiating both sides with respect to x, we obtain
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II; Zﬁ = ;i(x}xlng{h}gx}+x~ d [h‘lg(li}gx}]
:}ﬁ=u 1xlog(lo x)+x- L —{lnﬂx}

dx ellog log x dx

du < |
= —=[log log(logx )+

dx ( bx} g(logx) Iugt x:|
= — d =(log x)' Iog{]ng r}+

elx log x
_,du il (IGE ]1 I(}g{lt1gx}-|(}gx+11

elx i log x

f; (logx)’ '[I+Iogx.log{10gx]] -(2)
y=x"E"

= logv= Iog(x'"g'f)
= logv =log xlog x =(log x}:

Differentiating both sides with respect to x, we obtain

1 v
; E_d [{lﬂgl} i|

1 dv o

=2(1 |

=g 2lloex)- . (loex)
:}'Efv:Ev{lngx]-]

dx x
::}@=2xlugx Iogx

X

d'lr‘ lowg o1
= —=2x"""log, 3

it og.x (3)

Therefore, from (1), (2), and (3), we obtain

e (log x]r I [l +log x.log(log \"}] + 23" log x
X

Question 8:

Differentiate the function with respect to x.
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(sinx)" +sin"' Jx
Answer
Let y = (sinx)" +sin "' vx

Also, let = {sin x}x and v =sin "' \f’J_c

Ly=u+tv

e i P
de  dv o dx '

u=(sinx)

= logu = log (sin x]t
= logu = xlog(sinx)

Differentiating both sides with respect to x, we obtain

ldu d . d ;
== E(x}x log (sin x)+x xg[log{sm x}]
= % =u|:] -Iug{ﬁinx]+x-sinx -%{rﬁn x}:|
du . X . X
= — = x) |1 . - COS 2
u’x (sinx) [ og(sinx)+ oo \:}
:»?=(sin .r}x{xcotxHDg,sin x) -(2)
X

v=sin"x

Differentiating both sides with respect to x, we obtain

F e ()

_ @_ 1 _ 1

de AJl1-x 2\"';

dv 1

dbx 2\)'|Jr—x2
Therefore, from (1), (2), and (3), we obtain
dy . % : I
— =(sinx) (xcotx+logsinx)+ ——
e~ ) (oot vlogsina) v P
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Differentiate the function with respect to x.

sinx

A (sinx)”

Answer

Cosx

Lety =x"" +(sinx)

SN

A|5n1 letw=2x and v= {Sil'l I}uns.-

Ly=u+v

de  dx dx

(1)

:> |0gu — Iog{x5i1|7.]

= logu =sinxlog x
Differentiating both sides with respect to x, we obtain
ldu d

wde I(sln Jr}- logx+sin -‘f'%(h)g_ﬁ:]

di . 1
——=u|cosxlogx+sinx-—

X X
= du _ s {cus.rlcg;w > ‘T—‘ «(2)
dv x
v=(sinx)""

= logv =log(sinx)""
= log v = cos xlog(sin x)

Differentiating both sides with respect to x, we obtain
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ldv d . d .
——=—1/cosx}=log(snx)+cosxyx=—| log({smx
v odx f.{r( } g{ } dx[ g( ]]

dv . . d ..
— —— =v| —sinxlog(sinx)+cosx-— (sinx)

dalx sinx dx

' YT . . Cos X

= —=(sinx) {—sm xlogsinx +— cosx}

dx gin x
L (sinx)™" [~sin xlogsin x +cot xcos x|

dx
= a‘_ =(sinx)"" [cot xcos x—sin xlog sin x|

fx
From (1), (2), and (3), we obtain
dy - sin x . * ) .
T”':f" [-:-:ls.:':lu:ng.x+—]+{s.mx]mg [cos xcot x —sin.x logsin x]
ax iy
Question 10:
Differentiate the function with respect to x.
LC0ET 1-2 + I
¥ -1
Answer
ICoEa 'x-z +]'
Lety=x"""+—
-1
_ X +1
Also, letw=x""" and v= !
-1

Ly=u+v

dv  du dv

a_dn @ (1)

dy  de dx
U= I.I.l\.'l.‘lh.t

:> ]Dgu — Iog(x.'tl.'ﬂ\-.'(‘]
= logu =xcosxlogx

Differentiating both sides with respect to x, we obtain
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Ldu _d (x)-cosx-logx+x- d (cosx)-logx+xcosx- d (logx)
tdx dx ‘ & de' g alx &

du : 1
=>—=u 1--:-:lsx-Iogx+x-{—smx}log.x+xcosx-—
X

du KOs Y =
:‘»Ear {msxlﬁg.x—xsmxlogx+cosx]
:>@:x"“'“’“"[msx[l+I-::rgx]—.rsi11.xlug.r] -(2)
I .
X +1
V=—
x -1

= logv= Iog(x: + I)—I{}g{x: —l)
Differentiating both sides with respect to x, we obtain
ldv  2x 2x

vae xT+1 xT—=1

dv [2:{(11—]]—2x{f+|)]

:'Eﬂ (x?+l){x3—l}
:>£=x1+]x —dx
dr x" -1 (x:+l][x2—l)
dv —dx
—_—=— w3
& (2 1) ()

From (1), (2), and (3), we obtain
dx

f_ﬁj=x.\-ﬂm"|:cﬂﬁx[|+|{jg_\")—1’5§in X|Dgx]—{ J
xt=1)

dx

Question 11:
Differentiate the function with respect to x.

1
(xcosx) +(xsinx)s
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Answer

_ !
Lety =(xcos x]\ +(xsinx)s

1
Also, let u=(xcosx) and v =(xsinx):

Ly=u+v
dv  du dv
D=t —
de  dv  dv

=(xcosx)’
= logu = log(xcosx)
= logu = xlog(xcosx)
= logu = x[log x+log cos x|
= logu = xlogx + xlogcos x
Differentiating both sides with respect to x, we obtain

1 du d{ Iﬂgx}+i[x|0g¢05:r}
dix

wdx  dx
:>%:1:[{](12_::-;{1]+x-%{]ngx]]r {Iﬂgcmx %(:;}ﬂc — (log cos x)

— =(xcosx)’ H]ogx-l+x.l]+{lugcnsx.l+x.
X

= g =(xcosx)’ {('*IEI“}JF{WEWHJr COs X (_Slnx}H

j%_ XC08 X [I+Ingx}+{]ngcmx ;rlaju}]
::sﬂ‘JF (xcosx "[I .xl.at‘l.x+(]ﬂgx+|ﬂgcn'§x}:|

a’ ‘
= cos 1= xtan +I-::- 05
e x x [ —xlanx g xc _x]:l

2 Lo

|
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|

v=|{xsin x)
1
= logv = log(xsinx)

= logv= lIt::»g[nr sin x)
X

=logv= I—(I::rg x+ logsin x)
X

I I .
= logv=—logx+—logsinx
X X

Differentiating both sides with respect to x, we obtain

]u’v_a’ ]lurr +EJI I]nr('iin'r)
vde drelx o dv| x LS

S [ _T,i(i] N .i{lﬂgx]:|+ {Ing{sin .r),%[l]+l~;—f{log{ﬁiﬂ -f)}l

vdr i dx\ x X dx x x dx
1 dv | 1Yy 11 . Iy 1 d, .
= ——=|logx:|-—— |+—— |[+| log(sinx):| — |+————(sinx
vde | & [ x"'J X x} { e ][ x‘] X sinx dx( )}
log{sin.
:»l—ﬂzlﬁ{l—1ogr}+{— GE[S:n T)+ ] ‘con}
vy x° X xXsinxy
; 12 loex ~1 inx)+.
:}mzilﬂinx}x ] ]c:bl+ og[smlz]+rcotx]
el X x
- [.'rsinx}_IT [1-logx —Iog[jin .r]+,rcotx}
ey i x
- dv _ [..tsin..t}-lr 1 —]ug(,rsin1x)+.xcmx} 0)
dx i X

From (1), (2), and (3), we obtain

: ( [ xcotx+1—log(xsi
di:[xmsx}' [1-xtan x+log(xcosx) |+(xsin x}{xco i jog[xsmx]}

X

Question 12:

aj.‘

Find ¥ of function.
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x4yt =1
Answer

The given function is® +¥ =1

letxY =uand y*=v

Then, the function becomes u + v =1

Sy (1)
de oy
i=x'

= logu = I{Jg{r,r-"}

= logu = ylogx

Differentiating both sides with respect to x, we obtain
1 du dy d
——=logx—+yp-—(logx
i odx € dx g dx{ ex)

dut |: dy 1 :|
= —=u|logx—+y-—
el v x

d , dy vy

=—=x"|logx—+= -(2)
dx dx x :

WV :_}.l"

= logv= Iog(y")

= logv=xlogy

Differentiating both sides with respect to x, we obtain

1 dv e e
—=log y- X)+x- log y
vody g dx( } dx[ “'P)
dv 1 dy)
= —=v|logy-l+x-——
dx v odx )
—>@=y"[1c-g_v+iﬁ -(3)
dx \ ¥y

From (1), (2), and (3), we obtain
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: Fel ’ _ dv
xJ (Iogxl+']—]+y‘ [lﬂg}""i_}] =1
dy  x y v dx

= (x" logx+xp*" }‘j‘ﬁ = (" +y"logy)
L

dv 'y log

=1

k¥ log x + x1
Question 13:

i
Find ¥ of function.
yi=x
Answer

The given function is¥ =%

Taking logarithm on both the sides, we obtain
xlog v=vlogx

Differentiating both sides with respect to x, we obtain

]ug}'-%(x}+ x-%(logy} :lugx-%{y}t\;-%{lugx]

| Jf,!r_].J f{}.l |
=logv-l+x-——=logx-—+ y-—
= Vv odx 5 dy ) ¥
p -;:' H :
:?’]f'g}’+ii=logxﬂ+i
Vodx de x
N
::‘(i_lﬂngﬁzi—lﬂg}:
Ly de x
= [*=ylogx \dy _ y-xlogy
¥ dx x
Ldy _y[y-xlogy
Cdx x|\ x—ylogx
Question 14:
aj.'

Find € of function.
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(cosx) =(cosy)"
Answer

The given function is{msx}. :{cus_v}

Taking logarithm on both the sides, we obtain
vlogcosx = xlogcos y

Differentiating both sides, we obtain

logcosx-——+ y-—(logcosx)=logcos y-—(x)+x-—(logcosy
& v ! d_TI: & ] geoss .nir( } afw( € ]
dv 1 d
= logeosx—+ y-————(cosx)=logcos y-1+x-
dx cosx dx cosy dy
ﬂf}' ¥ . X . ﬂ'l’
= logcosx—+——[—sinx)=logcos v+ =sin y)-——
¢ dr  cosx [ } B0y cos_v[ ' ] dx
= log cosx b _ vtanx = logcos y—xtan y &b
elx clx
dy
= {Iog Cosx+xtan y} bl tan x + log cos v
X

_dy  ytanx+logcosy

Cdy xtan y+logcosxy

Question 15:

dy
Find € of function.

Xy = (-I’l:'1I B

Answer
{1-¥]

The given function is™ = ¢

Taking logarithm on both the sides, we obtain
log(xy)=log(e" ]

= logx+logy=(x-y)loge

= logx+logy =(x-y)xI

= logx+logy=x—v

-i[cos v)
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Differentiating both sides with respect to x, we obtain

d dy
—(logx)+—(logy)=—I(x)-—
{ ex) c."x{ & ] n’x{} dx
11 _| @&
¥ vy dlx
|'r ]\'- |
:>|]+_|d_,5_]_l
L v ) dx X

- _ 2 4 LGB
Find the derivative of the function given by / {'T}_{] +x}(1 T }(]+x ){] x )
find / {1}
Answer
g _ 2 4 L LB
The given relationship is'r {I}_{] +x}(1+,1 }(H_I ){] ¥ )
Taking logarithm on both the sides, we obtain

log £ (x) =log(1+x)+log(1+x")+log(1+x*)+log(1+x")

and hence

Differentiating both sides with respect to x, we obtain
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1 d . o i N | _ o
__f'{,‘l.']‘u{t [j {x)]=dx Iog[l+x}+m lng(l+x )+f£¥ II::-;;,(I+JC')+“{]f lng(1+_rs)
_ _] d [ 1 ) I 1 d I
( f{) l1+x ox [ ) 1+ x° a’r[+ )+]+x‘ c,ﬁ,(+ )+I+JL" a’x[+ ]
( }{ I —2x+ I 4-4f+ ! . ~Hx’}
]+r I+ x° 1+x 1+x

2x 4y 8x’
I+x 1+x I+x 1+ x*

'._f"(x}={l+.r}(1+x:}(l+.~:*)(]+.r8)[ L 2 A,

1 2xl 4=l 8xI”
+ ?+ -l-+ 5
1+1 1+1 1+1 1+1

Hence, f'(1)=(1+1)(1+17)(1 +1")[1+1“]{

=2x2x2x2|:l+i+i+ﬁ:|
22 2 2
:m[w]
2
=16><15=|.?.'D
2

¥ =5+ 8)(xt +T7x+9
){ }in three ways mentioned below

Differentiate {
(i) By using product rule.

(ii) By expanding the product to obtain a single polynomial.
(iii By logarithmic differentiation.

Do they all give the same answer?

Answer
Lety =(x"—5x+ B)(x"+7x+9)

(1)
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letx” —Sx+8=wandx' +Tx+9=v

v=u
= % =%-v+w-% (By using product rule)
:Q:i(f —Sx+8)-(.x'1+?x+9)+(x: —5x+8)-i(f +7x+9)
dx  dx clx
av

== (2.‘:—5](13 +T"J;+9)+(x2 —5x +8){3x3+?}

dv

= =2x(x’ +?x+9)—5(x-‘+?x+9]+xf(3.-:3 +7)-5x(3x° +?)+E(3x: +?)

X

— dy =(::x* +14x° +13.x)—5.x-‘ —35.x—45+(3x* +:«'f)—15x‘—35,~r+24.-;c2 +56

dx

ﬁ =5x" 20" +45x° —32x 411
dx

(ii)
y= (xz ~Sx+ H](:..—R + T:r+9)

x (x“ + ‘?_r+'=}] —Sx(f +7x +'=)] +3(x"‘ +7x4+ 9}

X Txt 49xT = 5x" —35x7 —45x 4 8x" + 56x+ T2
X =5xt #1557 =260 +11x+ 72

@ _ i(x’ —Sxt 15 260 +1x s ?2]

dr  dy
Ay sy 159 ) -26 9 (¢ ) 118 (4 4
_ci'r(x ] J{br(x )+IS(£T(I) zﬁn{x[x ]+”ci1f{x]+ci'r{n]

=5y = 5xdxT +15x 3T — 26 2x+11x1+0
=53 —20x" +45x7 —52x+11

(i) }’=(.T"—5,‘:+BJ{.T"+?.T +9)
Taking logarithm on both the sides, we obtain
log v = ]Dg(x: —5x+8)+log(x"+7x+9)

Differentiating both sides with respect to x, we obtain
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I:rizilag[xl—5x+8)+ ‘i Iﬁg(x"+?x+9]
::al—ﬁ:ﬁ;-i[x:—5x+8)+~;-i(x‘+?x+9]

vdx x—-5x+8 dx N +Tx+9 dx

v 1 1 .

=y 2x -5 wo| 3x" +7
~ d }[IE—S,:HSX( * -‘}+.'r1+?_'r+@\( o )}
:;ﬂ:(f—jx+3)(,x't+?,x+9) ﬁZI_S + fx'+? :|

d T —5x+8 x +T7x+9

, (25 -5)(x' +7x+9)+ (3% +7)(x* —5x +8

:}aﬁ'=(.x:—51+3}(_r"+?_r+9} ( ) : ] (J‘ ]( )

dlx [x'—5x+8](.r‘ +?.r+9]

dy " 3 3 2.2 z

— =72 +T7x4+9)=5(: Tx+9)+3 —S5x+8)+7 —5x+8

e x(;c x] [r+x+]x{x x+] [x x)
= Q =(2x4 +14x7 +1 Ex)—ir" —35x—45+4 (E.rJ' —15x" +24_1'2)+ [7-’::2 —35x+56)

dx
:~Q=5x*—20x-‘+45x3—52x+n

fray

dv

From the above three observations, it can be concluded that all the results of dx are
same.
Question 18:
If u, v and w are functions of x, then show that

d i v dw
—(wvw) = ——vw e — W uv.—
dx dx dx dx
in two ways-first by repeated application of product rule, second by logarithmic
differentiation.

Answer

Lot VEHVW= w.(v.w)

By applying product rule, we obtain

Page 91 of 144



Class XII Chapter 5 - Continuity and Differentiability Maths
rood
b _ du 1.}“; 4 (vow)
dlx r,ix.
dv  du dv aw . .
== pewWH WY Again applying product rule
o [ i .:.{J (Again applying p )
dv  du dv dw
o = VW — WAV —
v dx dx ey
By taking logarithm on both sides of the equation® = #** we obtain

log v =logu +logv+logw

Differentiating both sides with respect to x, we obtain

Jj:= ‘i{lugu]nt ;x{lugv}+ i[lugw}

ﬂ 1 du ldm Idw
dx

1

}_ 1] rix Vv r;l':r W dx

L dy_ (lﬂir L dv +Lﬂ]

dx e vde wadx

aj [ldu 1 dv lca‘wJ

= WV.W + +

d:'. wde vde wdx

dy  du dv dw
i = e W WA e W IV

de dx dx dx
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If x and y are connected parametrically by the equation, without eliminating the

dy
parameter, find dx |
x=2at’, y=ar'
Answer

. . g =’j z F= 4
The given equations are™ = 2af” andy =at

'I'hen,ﬁ = i(lmz}: 2&-%{:2): 2a-2r =4dat

di o dt
dy _dy oy Ay s g
df—{ﬁ{ar)—a df{!) a-4-1* = dat

-

dy
dy [dr _4a:-‘_f:

Uy /c.{r]  dat
\ el

If x and y are connected parametrically by the equation, without eliminating the
ﬁ

parameter, find dx

xX=acos @,y =>bcosb

Answer

The given equations are x = acos 8 and y = b cos 0

Then, 4% = %[a cos)=a(-sin@)=—-asinf

dd d
W _ 4 c0s0)=b(-sin0) = -bsin®
40~ do

dy
Cdy [a’ﬂ, _ —bsint! _ b
"dr_[car“]_—asine_a
de )
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If x and y are connected parametrically by the equation, without eliminating the
ﬁ

parameter, find dx

X =sint, y = cos 2t

Answer

The given equations are x = sin t and y = cos 2t

- e d .
[hen, — = —(sint)=cost

dl ol
cd . { :
ﬂ = ‘—[L‘OS 2;‘} = —3gin 2f ‘—{24’] =—-25In2¢
dr o dt dt

lf("f‘"
v L ol —2sin2¢  -2-2sinfcost ;
g L= = =—4sin¢
dx [u’xJ cost cost

ol

If x and y are connected parametrically by the equation, without eliminating the

dy
parameter, find dr |
4
x=41 y=—
!
Answer
4
x=4f and y=—
The given equations are f
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=< (41)=4
di i
™ s i
-2(2)- 437
(&) (7)
dy \dt) \ ) -1

Question 5:

If x and y are connected parametrically by the equation, without eliminating the
A4

parameter, find dx

r=cosf—cos2d, y =sinf —sin 20

Answer

The given equations are ¥ = cosf/—cos20 and y = sin @ —sin 26

Then, dx _ i(msﬂ—cuﬁ 20) = i|:-::n:ms; &)~ i(cus 26)
dé do do do
= —Sinﬂ—(—25i1123}= 28in 2@ —sin #
& _ i[s;in 8 —sin20) = i(s,in d) —i(sin 20)
dé de da de

=cost—2cos2d

dy
. :{v_[dﬂ]_cusﬂ—lmﬂﬁ
oy _(dx]_ 2sin 260 —sin )
| d&

Question 6:

If x and y are connected parametrically by the equation, without eliminating the
i

parameter, find dx |

x=a(@-sind), y=a(l+cosd)
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Answer

= — 1 ;= }
The given equations are” a(® smf}} and y = a(l+cos®)

Than,% = d[%(ﬁ’]—;—fg[sm '9}} =a(l-cosd)
%:a_%{l}+;—g[cosﬂ}]=a[ﬂ*-{—ﬁing}]:_‘“Si“'g
dy 96 g & a
) o e S
dx E] a(l-cosd) 75in3E Sil'lE .
de 2 2

Question 7:

If x and y are connected parametrically by the equation, without eliminating the

dy
parameter, find dx
sin’ ¢ cos’ t
xXx= . J.-‘ =
Jeos 2t w,."l cos2f
Answer
sin’ t cos't
X = and y =

The given equations are Jeos 2t A Cos 2f
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de _d in't
Then,—=— sy

dr  dr Woos 2t

di. L. d :
u"::usQr-—(sm 1)—:.m f-—Jcos 2t
_ dt dt
cos 2t

) d
Jeos2r-3sin’ 1 (sint)—sin” 1x— —— .~ (cos 2t
_ dr{ } zm,er d"{( ]

-::03 2t

1«#1.,0521 -sin” rwa——. —2sin 2t
24Jcos2y ( }

cos 2f
~ 3cos2ssin’ fcost+sin’ fsin 2
c0s 2f+Jcos 2t
dy d| cos't
dt  dt| Jeos2t
dcosm.i(cus‘r)—cos‘f-i(w.-'coszu')
_ dt dt
cos 2

) v‘casZL}coszf~%{cos:}—cnsjf zm 0 (0052.'}

cos 2t

\ ) | )
3Jeos2r.cos’ t(—sint)—cos® t+———— (—25sin2¢
( ] 2AJeos 2 [ }

cos 2t
—3cos2t.cos’ t.sint +cos’ 1sin2¢

N cos2f-+/cos 2t
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cy
cdy \dt) -3cos2icos’rsing +cos’isin2e

Cdx [uﬁr] 3cos 2t sin’ 1 cost +sin’ 18in 2
i

~3cos 21.cos” f.sinf +cos’ 1(2sinf cost)

3cos2isin’ fcost +sin’ (2sint cost)

sind coss [—3005 2¢ cost + 2 cos’ f]

sint cnsr[i’rms 2t sint +2sin” r]
[—E[Ecas: t~1)cost +2cos’ :] cos 2 =(2cos* 1 - 1),

[S[I—Esin2 r]sin|r+25i|13.'] cos 2 :{1—25in3:)

—~dcos’ f +3cost
3sins —4sin’ 7

—cos3i cos3f = 4cos’ 1 —3cost,
sin 3t sin 3 = 3sin? —4sin’ ¢
=—cot3

Question 8:

If x and y are connected parametrically by the equation, without eliminating the
Y

parameter, find dx

xX= a[coswlogtan%], y=asint

Answer

t .
x= u(msr +1ogtan—] and y = asint
The given equations are 2
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Then\£ =a -[E(mﬁ:] + i{]ug tan %H

ar r i 2
. d i
= | —sinf + C tan;
tan I 2
L 2
. (.t odft
= —sint +col—-see” —-
2 2 odr\ 2
- N
. cos | |
= | —sinf + = " —
Lo -7
sin COS
| 2 2
o ]
=g|—-sinf+—A-———
. !
2sin—cos
| 2 2
) ]
=d| —s5ni+—-
\ sint
(—5in3:+lw
= -
L sImnfy J
cos” ¢
= —
sint
dy d ..
i=u—(mm}=c.'-:-::us.r
ddf el
(A‘f}\'
dy [(P’IJ acost sint
L= = = =tanf

T [dx] - acos?r © cost
dt sin

Question 9:

If x and y are connected parametrically by the equation, without eliminating the
&

parameter, find dx

x=asecfl, y=bhtan(
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Answer

The given equations are™ ~ 95¢¢ @ and y = btan &

dx d
Then, — =a-——(secf) =asecftand
dd dd

, d .
i=b~—(lemﬂ):bwu‘ﬂ
e di
()
.‘.a&r: dg) _ _bsec @ :bsecﬂmtﬂ: bc.nsf? :bx. :bmsecﬂ
dx (cirJ asecftand a acosfsing a sinf g
L de
Question 10:

If x and y are connected parametrically by the equation, without eliminating the
4

parameter, find dx

x=a(cosf+0sind), y = a(sin@—Hcosd)

Answer

The given equations are ™ a(cos@+0sind) and y = a(sin@— @ cos )

Then, & _ a[i cos +i{ﬂ sin {)}} = a[—sin{) + ﬂi{sin @) +sind i{f)}}
de dd dd dae dd
= a[-sin @+ cos& +sind| = ad cos @
v_, i(sinﬂ)—i[ﬂmsﬁ') =a cos&—{Hi[cosfi‘ﬁms&i{ﬂ}}
dd ad dd dad dd
=alcos @ +0sind —cos 0|

=aflsin @

B

cdv kd()J _atsind

Vo [dx Cafcos
_dﬁ]

tan &
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Question 11:
x=va™" ', y=+a™ ' show that %= e
If dx  x

Answer

I . cos”'
The given equations are® = V4 and y =va
U osin 'y cos 'y
x=va and v =+va

:}I:(a’i” r); andy:[a*'*‘ ’)l

| I 1 1
sm o ons

= x=al and y = a’

[
s

Consider x = a*

Taking logarithm on both the sides. we obtain

1.
lugr=;sm tloga

. -ﬂ& = I loga- d (‘;in']!)
a2 B\
dx

x |
= —="logg-
di 2 . =it
ﬁ: xloga
dr - 2J1-¢°

| 1
cos”'f

Then, consider y = a*

Taking logarithm on both the sides. we obtain
L
log y = 5 cos  rloga

I dy |

d
P oga- L cos
2 oga .:fr{ms )

:baiv_yluga{ -1 W
dt 2 NI
dy  —vloga
ok —
di  2J1-¢°
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[ | [—1'{1}__0‘]
Lff}_ ‘q[— _ ¥

ffrl [f!‘l | ( x[uga A JCF
\ﬂrf/' '\2'\||II.|—E:J

Hence, proved.
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Find the second order derivatives of the function.
¥ +3x42

Answer

LetV =X +3x+2

Then,

dv d g, o d
o A e L3+ (Y= 2+ 350 =2+ 3
dx c."x(x ]+|£.I".TE{ lj+ff‘f{ } ree *

24+0=2

Ay _d o9 3
et dx{_x{))_ cfx{_x)+ u’x{‘]

Find the second order derivatives of the function.

20

X

Answer

Let} =+ "
Then,

ﬁ — i{x]':l ] — ZUIW‘
dv  dx

e i(mx'"] = ’_ﬂui{x"’ )=20-19-x" =380x"

d oy

Find the second order derivatives of the function.
X-COSX
Answer

LetV = ¥-COSX

Then,
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dv d ¥ i . .
—=—(x-cosx)=cosx-—(x)+x—(cosx)=cosx-l+x[—sINnx)=cosx—xsinx
u’,r{ } u’.r{ } u’.r{ ) [ }

. u'['c‘;l = ;—i[cus X _xsin_r] = ;_i{cm x)—%{x sin %)

= —sinx —[sin A'~;—i(,x']+ X -Z—I(sin.\‘}}

X
=—sinx—(sinx+xcosx)

= —(xcosx+2sinx)

Find the second order derivatives of the function.
log x

Answer

Let.y = logx

Then,

rod 1
i = —_[lﬂg.‘{'} :—_
dr ol X

.|

_d')!_d[l“_—l
Ut odelx J x*

Find the second order derivatives of the function.
v log x
Answer
1
LetV =X logx

Then,
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& = i[xj ]ugx] =logx- di(x" }+ X i_['“:‘.{-x]

de oy [ alx
s 1 .
=logx-3x* +x - —=logx-3x" +x°
X

=x"(1+3logx)
dy dr
u’x_" = = [x'{l +3lngx]]

=(1+3logx) -%{x" } +x° i[l +3logx)

dx
={1+."mIn::gx}‘hqr.rz~E
X

=2x+6xlogx+3x
=5x+6xlogx
=x(5+6logx)

Question 6:

Find the second order derivatives of the function.
e" sinSx

Answer

LetY =€ sin Sx

dy_d (E’T sin S_T)=$in5x- d (E')+e' d (sin 5x)
dar  dy dx dx
=sinSxy-e" +e" -ﬂusﬁx-;—f(:?x] =" sinSx+e" cosSxy-3
¥
=" (sin5x+ 5cos5x)
{;;1 = ;]; [e” (sin5x + Scos 5::}]

=(Sin51+5CORSI}-;;(E'}+€” -;i(sin51+5mﬂi_r}

=(sin35x+5cos5x)e’ +e* [cosi,r- %{5x}+5 (—sin5x)- %{'}T}}

=e"(sin5x+5cos5x)+e"(5cos Sx - 25sin5x)

Then, =e"(10cos5x—24sinSx) = 2¢" (Scos Sx —12sin5x)
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Question 7:
Find the second order derivatives of the function.

" cos3x
Answer

fx
= .
LetY =€ cOs 3x

Then,
j'; :x[e“-cas.’ix) msEx-dx(e""]+e“”~;(msix]
cos3x-e™ -%{ﬁx] +e™ - (—sin3x)- %[lx}
6e™ cos3x —3e™ sin3x (1)
':;r'" - ;‘; (6¢" cos3x —3e* sin3x) = 6- ;‘; (e* cos3x)-3- ;‘; (e sin3x)
=6-[ 6¢° cos3x—3¢" sin3x |3 sin 3x-i(e'**)+e“ -%{sin.’!x} | [ Using (1)]

36e™ cosdx —18e™ sin 3x — S[Sin 3x-e™-6+e" -cos 3,\'-3]

fix

36e™ cos3x — 18 sin 3x — 18¢™ sin 3x —9¢* cos3x
27e" cos3x — 36e™ sin 3x

=0p%" (3 cos3x —4sin 3_r]

Question 8:
Find the second order derivatives of the function.

tan” x

Answer

. -1
Let ! =tan x

Then,
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rod 1

@b —(tan "' x) = .

dv v 1+x°

dy =i(L] = i(1 +x° )_I = [—I)-(I +Jr3)_2 %(I +x3]

et a1+ 7 dx

=1 -2x
= __|><2x=

(l+x:]_ (I+J:2)2

Question 9:

Find the second order derivatives of the function.
log(log x)

Answer

Lot = log(log x)

Then,

v _ %[Iog{logx}] = é —{ og } = [.r log x) "

dyv d

== —[(1 Iug_r}_l:| =(-1)(xlog x]_2 %{x log x)

_—]] [Iogr —(x)+x- %[Iﬂgx]}

(xlogx ax
- ~(1+logx
——1 []ogr I+ x- } —{ g }

[ Ingl] X x]ngl}
Question 10:
Find the second order derivatives of the function.
sin(log x)
Answer
Letd = sin (log x)
Then,
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% - %[Si“ (log L‘-}] = cos(log x}-%(log x)= cos(log x)
. d’y _d|cos(logx)
dr

Cdx? X
X

[cos{ln“ r}] —cos(log x)- % (x)

X

|

n(logx)- ; [lngx}}—ms{mgx].l

o

~xsin(log r)l ~ cos(log x)
x

X

~[ sin(logx) + cos(log x) |

i

Question 11:

b

d_‘? +y=0

, prove that %"

1f¥ =35cosx—3sinx

Answer

It is given that,* =3cosx—3sinx

Then,
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j’L =i(5{:u!’~;x} ;i‘(Eﬁinx]zﬂi(cusx} 3:1: (sinx)

=5(-sinx)-3cosx =—(5sinx+3cosx)

d*y d .
So——=—| —(5sinx+3cosx
(ix.". ufxl: [ I x A]:I
=—[5-;—i[sinx]+3-%{msx]}
~|Scosx+3(-sinx) |
= —[5cosx—3sinx]
_—J:
R
i

Hence, proved.

d’y
L -1 2
If Y = €05 "% find dX” in terms of y alone.
Answer
. -1
It is given that, V' = 9% &

Then,
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dr}’z d (CGS_LI}: 'L: :—[|—x:]_ll

= = - : ".-{j]

V=008 X=X =C0sy
Putting x = cos y in equation (1), we obtain

d’y  —cosy
T 3
dix «J'[l—cc:sl}')
d’y  —cosy
= 5= J -
* J(sinzy]'
_ —cosy
sin’ y
_Ceosy 1
siny  sin y
d’y X
= — = —cot y-cosec” y
clv
Question 13:

v =3cos(logx)+4sin(logx) Xy, 4xy +y=0

If

Answer

, show that

It is given that,” = 3cos(logx)+4sin(logx)

Then,
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dr dr.
n=3— ces(logxﬂ—4-E(sm{legx}—|

=3 —sin{logx i logx) |+4-| cos{logx i log x
dy dx

3sin(logx) 4cos(logx) 4cos(logx)-3sin(logx)
+

x x X
o d (41;L15[]ugx]—35in (]ugx}\
T dx | x J
x{4cos[]ugx} 35in[]ngx}}' {4:;:15(|0gx] 3sin (logx]}{rr
o
x 4{cos[logx}}l ."a{sin(lu:nvgx]}r {4cos(logx)-3sin(logx)}.1
x{—dfsin(log x].[lcrgx}I—3ces[logx].{lcrgx};‘—4cns{]0gx}+351n(lﬂg x)
x[ 4sin(logx). : Sczxs(lr.:-gx]_] 4cos(logx)+3sin(logx)
x x
e
_ —4sin(logx)-3cos(logx)-4cos(log x)+3sin(log x)
= e
~ —sin(log x)—7cos(logx)
- x.1.
Xy Y
e . I A T - S K
=X1L mn[lt}gr} ﬂ?-;mlllugx} +x£4uu{|0gx] 3sin {Iogx] —3605[105 x':l+4sin{10g, r]
& ) . )

= —sin(logx)—7cos(logx)+4cos(log x)—3sin(logx)+3cos(log x) + 4sin (log x)
=0

Hence, proved.

Question 14:

-

d ‘f—{m+n}@ +mny =10

1V =Ae” +Bev, opow that dx’ dx
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Answer
It is given that, * ~ Ae™ + Be™
Then,
b_ A-i{e“‘“ )+B- i[e") = A -e“‘“.i(mx) +B-e"” ~i(m‘} = Ame™ + Bne™
dx elx clx dx dx
dz‘}‘l — d my ?rJ.I. — ‘:f ?N.II. d ?rJ.T
e E(f!mt + Bne ) = Am-a(a )+Bn-a(a )
HiT d Y d 2 T 2 _Rx
= Am-e" —(mx)+ Bn-e™ -—(nx) = Am’e" + Bn'e
el x
Q —(m+ n}d—} +mny
™ el

1 T ,
= Ame™ + Bre™ —{m + n] - (Ame"“ + Bre™ ) + mn(Aff"” + Be'”]

HEX

2 ¥ 2 2 ¥ ¥ 2 HE ¥ o
= Am e™ + Bne™ — Ame™ — Bmne™ — Amne™ — Bn-e"™ + Amne™ + Bmne"
=0

Hence, proved.

Question 15:

2

dy_ 49y
If}' = 5”“‘:’3' * +{){IU{:'_”T , show that d:_!c:

Answer

It is given that, ' = 300e™ + 60077

Then,

Page 112 of 144



Class XII Chapter 5 - Continuity and Differentiability

Maths

dv _ 5U{},i(g—“}+6ﬂ{l, d (c? ?r]

dx el dx

ZSUH'E?T'§{?A‘J+6{]{]~E‘ ”~i(—’fx}

he dx
=3500e™ —4200e ™"
LAy d

. d (1 7
55 =3500-—(e) - 4200. ()

N o d . d
=3500-¢ .E[?I]—Ilﬂﬂ-e IE{_T-T}
=Tx3500-€"™ +7x4200-¢7*
=49%500e™ + 49 600 ™"

= 49(500¢™ +600e ™)

=49y

Hence, proved.

d'y [ﬁ]_
1f (x+1)=1 , show that ¢ \dx

Answer

2 x+1) =
The given relationship is" (x+1)=1

o' (x+1)=1

; 1
= e’ =

_x+l

Taking logarithm on both the sides, we obtain

]
y=log——

[1‘+1}

Differentiating this relationship with respect to x, we obtain
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%:[Hl)i{L):(Hl], -l . S

-22-(2)
dx x+1

d’y [ dy T
= —=| =
dax” dx

Hence, proved.

Question 17:
= (tan" x}g’ show that(x: + I}J v, + lx(x: -+ l}y, =2
Answer

y=(tan" x}’
The given relationship is” { }

Then,

y, =2tan”’ .TiT(IﬂII_I x)

1
=y, =2tan" x. :
+x°

= (1+x%)y, = 2tan "' x

Again differentiating with respect to x on both the sides. we obtain

{|+x'3]_1'1 +2xy, = 2[]+If }

::v{l-i-ij]2 ¥, +2.‘r{|+x3}_v, =2

Hence, proved.
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(x)=x"+2x—8 ,xe[-4,
Verify Rolle’s Theorem for the function"f {Y) v g E[ 2]

Answer

(x)=x"+2x—
The given function,j [Y) = , being a polynomial function, is continuous in [—4,

2] and is differentiable in (-4, 2).

~f(-4)=f2)=0

= The value of f (x) at —4 and 2 coincides.

f'(e)=0

Rolle’s Theorem states that there is a point c € (=4, 2) such that

f{x}:r +2x -8
(x)=2
--.f*(c-}=
= 2e+2=10
=c=-1, wherec=-1€(-4,2

Hence, Rolle’s Theorem is verified for the given function.
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Examine if Rolle’s Theorem is applicable to any of the following functions. Can you say

some thing about the converse of Rolle’s Theorem from these examples?
0 S (x)=[x] forxe[5, 9]

f(x)=[x] forxe[-2, 2]
(i) fx)=x"-1forxell, 2]

Answer

(i)

,r":[a. b]—}R, i

By Rolle’s Theorem, for a function®
(a) fis continuous on [a, b]

(b) fis differentiable on (a, b)

(c) f(a) =f(b)

['(e)=0

then, there exists some c € (a, b) such that

Therefore, Rolle’s Theorem is not applicable to those functions that do not satisfy any of

the three conditions of the hypothesis.
0 S (x)=[x] forxe[5, 9]
It is evident that the given function f (x) is not continuous at every integral point.

In particular, f(x) is not continuous at x = 5and x =9

= f (x) is not continuous in [5, 9].

AIHU,_}"{E}I = [5] =5 and_f{‘?ﬂ] = [9] =9
= f(5)= £(9)
The differentiability of fin (5, 9) is checked as follows.
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Let n be an integer such that n € (5, 9).

The left hand limit of /" at x = n is.

A Gt S GO () bl ) DR B -1

=lim—=m
=il h =l h fy—ll II'I Tr—il Iﬁ

The right hand limit of / at x = n is,

e f {n+h}—_,."{n}: e [rz+h]—lrz] tim ™ i 0=0
fi—s ¥ h [ h bl fp =)

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n

~fis not differentiable in (5, 9).

It is observed that f does not satisfy all the conditions of the hypothesis of Rolle’s

Theorem.

f(x)=[x] forxe[5, 9] .

Hence, Rolle’s Theorem is not applicable for
(i) f(x)=[x] forxe[-2, 2]
It is evident that the given function f (x) is not continuous at every integral point.

In particular, f(x) is not continuous at x = =2 and x = 2

= f (x) is not continuous in [-2, 2].

Also, _}"{—3'] = l—l] ==2 and_f'l[ﬁ} = [2] =2
“f(-2)=f(2)
The differentiability of fin (=2, 2) is checked as follows.
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Let n be an integer such that n € (-2, 2).

The left hand limit of /" at x = n is.

(n+h)— + h|- ~1- -
A Gt S O UL o D e e B
=il h =l h fy—ll II'I Tr—il Iﬁ

The right hand limit of / at x = n is,
. fin+h)—fn o An+h|=|n , - ,
]1m"( } '”: }=I|n1[ ] I]:hmM “zllm[}:ﬂ
fi—s ¥ h [ h bl fp =)
Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n

~fis not differentiable in (-2, 2).

It is observed that f does not satisfy all the conditions of the hypothesis of Rolle’s

Theorem.

f(x)=[x] forxe[-2, 2].

Hence, Rolle’s Theorem is not applicable for

(i) S(x)=x"-1forxell, 2]

It is evident that f, being a polynomial function, is continuous in [1, 2] and is
differentiable in (1, 2).

F()=(1y-1=0
f(2)=(2) -1=3

~fF (1) = (2)

It is observed that f does not satisfy a condition of the hypothesis of Rolle’s Theorem.
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Hence, Rolle’s Theorem is not applicable forf(ﬂ =x —lorx C[]’ 2].

If / :[_5‘5]_} R is a differentiable function and if / {-IJdoes not vanish anywhere, then

f(=5)= 1(5)

prove that .

Answer

/i[-55]>R is a differentiable function.

It is given that
Since every differentiable function is a continuous function, we obtain
(a) fis continuous on [-5, 5].

(b) fis differentiable on (-5, 5).

Therefore, by the Mean Value Theorem, there exists c € (=5, 5) such that

- 15169

=10f"(c)= f(5)- f(-5)
/'(x)

It is also given that - does not vanish anywhere.

S e)=0
=10f"(c)=0

= f{S]—f{—‘ﬂ #
= f(5)# f(-5)

Hence, proved.

(xY=x" —d4x— b
Verify Mean Value Theorem, if / {Yj v ’ 3in the interval[u’ ], where
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Answer

() —dr
The given function isf (¥)=x"—4x-3

f, being a polynomial function, is continuous in [1, 4] and is differentiable in (1, 4)

whose derivative is 2x — 4.
f)=1=4x1-3==6, f(4)=4"-4x4-3=-3

,_f'[h]—_a"'[cr]:_I'H]—_f"{l}:—3—(—6} i:]
© b-a 4-1 3 3

f'(e)=1

Mean Value Theorem states that there is a point ¢ € (1, 4) such that-

/()=

= 2c—4=1

== E. where ¢ :ic—_[l. 4)
2 2 :

Hence, Mean Value Theorem is verified for the given function.

Verify Mean Value Theorem, if"f {'T}: * "% in the interval [a, b], where a = 1 and

b = 3. Find all <€) tor which /(€ =0

Answer

(x)=x"-5x"-3
The given function fis‘f (x)=x X ¥

f, being a polynomial function, is continuous in [1, 3] and is differentiable in (1, 3)
whose derivative is 3x* — 10x — 3.

F()=1=5x1"=3x1=-7, f(3)=3"-5%x3"-3x3=-27

F(B)-f(a) _ F(3)-r(1) _ —27—(-7) —_10
b-a i-1 3-1
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Mean Value Theorem states that there exist a point ¢ € (1, 3) such that f'(e)=-10
f'(e)=-10
=3¢ =10c-3=10
=3 -10c+7=0
=3¢’ —3¢c—-Te+T7=0
=3c(c-1)-T(c-1)=0
=(c-1)(3c-7)=0
7 T .
=c=1, —, wherec=—¢e(l, 3)
3 3
7 -
c=—=|(l, 3
Hence, Mean Value Theorem is verified for the given function and 3 is the

f'(c)=0

only point for which*

Examine the applicability of Mean Value Theorem for all three functions given in the
above exercise 2.

Answer

Mean Value Theorem states that for a function / :[”' b] —R , if
(a) fis continuous on [a, b]
(b) fis differentiable on (a, b)

ey L (B)=1(a)

then, there exists some c € (a, b) such that b-a

Therefore, Mean Value Theorem is not applicable to those functions that do not satisfy

any of the two conditions of the hypothesis.
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0 S (x)=[x] forxe[5, 9]

It is evident that the given function f (x) is not continuous at every integral point.

In particular, f(x) is not continuous at x = 5and x =9

= f (x) is not continuous in [5, 9].

The differentiability of fin (5, 9) is checked as follows.

Let n be an integer such that n € (5, 9).

The left hand limit of /" at x = n is.

i f)— / -
nj (n+h)=1(n) _ [n+ 1] - [n] L
=il h PJ—H.I f fy—ll II'I Tr—il Iﬁ
The right hand limit nl',a" atx =n is,
e .r’{nJrh} [rz+h] Irz] , ST 0=0
fi—s ¥ h .I| .|: .l- .-:l h =)

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n

~fis not differentiable in (5, 9).

It is observed that f does not satisfy all the conditions of the hypothesis of Mean Value

Theorem.

59
Hence, Mean Value Theorem is not applicable for f U [’-] for x F[ ]

(i f(x)=[x] forxe[-2, 2]

It is evident that the given function f (x) is not continuous at every integral point.
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In particular, f(x) is not continuous at x = =2 and x = 2

= f (x) is not continuous in [-2, 2].

The differentiability of fin (=2, 2) is checked as follows.

Let n be an integer such that n € (-2, 2).

The left hand limit of /" at x = n is.
(s ) 1 o )
L CRl) S A 0 B (C500) b ) D T

= lim = lim —=m
=l h f1—ll h =) Ill!' Jr—ll Iﬁ

The right hand limit of /" at x = n is,

L Gt o O G b

[ b By’ h h—s) h

IIirp 0=0

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n

~fis not differentiable in (-2, 2).

It is observed that f does not satisfy all the conditions of the hypothesis of Mean Value

Theorem.

f(x)=[x] forxe[-2, 2].

Hence, Mean Value Theorem is not applicable for
(i) fx)=x"-1forxell, 2]

It is evident that f, being a polynomial function, is continuous in [1, 2] and is
differentiable in (1, 2).

It is observed that f satisfies all the conditions of the hypothesis of Mean Value Theorem.
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Hence, Mean Value Theorem is applicable forf{'\:jl =x —lorx C[]’ 2].

It can be proved as follows.
f()=1r-1=0, f(2)=2"-1=3
CS(b)=S(a) _f(2)-/(1) _3-0

b—a 21 1
f(x)=2x
© f(e)=3
=2c=3
::-f.':'E:l.:'m, where 1.5€[1, 2]
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Miscellaneous Solutions

Question 1:
(3x* ~9x+5)
Answer

- 9
Lety = (3x" —9x+5)

Using chain rule, we obtain

dv_d
de

=9(3x* ~9x+5)’ -%[3.# ~9x+5)

(3x* -9x+5)

[
=9(3x* ~9x+5) -(6x-9)
=9(3x" ~9x+5) -3(2x-3)

- 2?{31‘2 ~9x +5)R[2x—3}

Question 2:
sin’ x+cos” x

Answer
Let y =sin' x+cos” x

% = E[sin3 x)+%(ccs“x]

= 3sin’ x-%(sinxhﬁcass x- i{u::::-sac]‘p
=3sin” x-cosx+6c0s” x-(—sinx)

=3sin xmsx{sinx— 2cos’ x}

Question 3:
{Sx}ﬁulmlt

Answer
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Let y = (5x)"*
Taking logarithm on both the sides, we obtain
log v=3cos2xlog5x

Differentiating both sides with respect to x, we obtain

lﬁ:_}\‘lng_‘iri[c'ﬂﬂ 2x)+cos ZAI'i{lﬂgix}
¥ ax dx dx -
dy I d L d
= — =3y| log 5x(—sin 2x)-—(2x)+cos 2x- — - —(5x
it g 5x( } .—z’x{ ) Jx fi\f[ )}
— d_1 =3y| -2sin2xlog5x+ uusEIj|
dx L I
» _& .j
Jﬂ::ﬂ: il ﬁsin21'|ﬂi~f5x}
dx L X
; s 2y : 52 H |
ﬂ = {Sx}ﬁm. - \‘ = —6Hsin2x lﬂgj,"f
dx X -

sin”' (.1: \.T} O=x=1

Answer
Let y =sin™' (.r -.-"?}

Using chain rule, we obtain
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& _d sin”' (N’?)

ﬂf\’ -
| ﬂ’( w.."'_)
= A X
Sz A
1 a’[ 2
= — x?
1-x° axl )
1 3 !
= =X —- X"
V-7 2
N
2J1-x"
3 [
2¥1-x
cos' %
__2 , =2<x<2
V2x+ 7T
Answer
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X
cos
2

Lety= =

J2x4+7

By quotient rule, we obtain

d{ . x oaxyd
@_ﬁ?x+?dx[wa 2]—((.0:-, 2]ﬂ(x#2x+?)

dx (7]

-1 d(x X 1 d
2 . - 2
V2x+7 (2] [ccls 2}2 ,—2x+?.‘it[_x+?}

N
Vi—x" x(2x+7) (~.-"21+?)(2:r+}‘}

cos Y
_ 2

1
V=2 2x+7 {2x+?)§

Question 6:

| 1+sinx ++/1-sinm
cot ,{J{x{E

\I'[|+$i]'i_1£' = y"ll-sinx

Answer
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/1+sin x ++/1—sin x

Lety=cot '| ¥ 20T J — (1)
»,l"l+sm.r—Jl—smx

l+siny ++I1-sinx
Then J v

I * -
1.,.']+S1n1'—\.l'[l—:§|nx

~ {q’l+sinx +Jl—sjnx]2
- (V1 sinx —Vi=sinx )(VI+sinx + 1= sinx )

_ (14 sinx) + (1-sinx) +2,/(1-sin x)(1+sin x)
(14 sinx)—(1-sinx)

. I
~2+24l-sin"x
2sinx
_I+msx

sinx

2cos’

d |

. X X
2sin " cos
2 2

X
=00l —

Therefore, equation (1) becomes

¥ =cot '[coti]
2

d
E[ﬂ
Question 7:
(log x}'“g x>l
Answer

L.'l:l y= {]_l'_'lg x}lclgk
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Taking logarithm on both the sides, we obtain
log y = log x-log(log x)
Differentiating both sides with respect to x, we obtain

dy_d
P .:ﬁ-[mg'r log(logx]]

=19~ oglog ) (lopx) og.x g g )

= d} :_v[lug[lug_r).l Flog x - |D;J: : ;il:lugx}}
dy | |
= —=y|—log(logx)+—
dx '{x g[ . r) x}
dy wee| 1 log(logx)
o= =log: —_——
alx [ o8 'r) {r X

Question 8:

cos|acosx+hsinx
l: ], for some constant a and b.

Answer
Let y = cos(acos x+bsinx)

By using chain rule, we obtain

@ _ —cos(acosx+bsin x)
dv dx

:;ﬁ = —sin (acr:rsx+bsinx}-i[umsx+bsin x)
v dx

=—sgin [acﬂsx+hsinx}-[u(—sin x}+bcosx]

=(asin x —bcosx)-sin(acosx +bsinx)

Question 9:

}[tin e | o 3][

(sinx—cosx R En:x-c:—

Answer
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. [=inx—oosy)
Let y =(sinx—cosx)

Taking logarithm on both the sides, we obtain
logy= Iﬁg[{Sin X—CO5X foin- WMJ:|
= log y =(sinx—cosx)-log(sin x —cos x)

Differentiating both sides with respect to x, we obtain

Ldy _ di[{siux— cos x ) log (sin x — cos t}]
X

v dx
= i % = lcg{sin X —C0s x]l -%(sinx —-:;05.1'} +(5i11 X—C0os x] -%lcgfsinx - C05 1‘}
L. log (sin x —cos x)-(cos.x +sin x)+(sin x —cos r};

v odx ' {sin X —Cos .r]

= Y _ (sinx—cos ,r]lm_m” [(cos x +sin x)-log(sin x —cos x) +(cos x +sin "H

alx

P (sinx—cos.x)™ ™ (cos x +sin x)[ 1+log(sinx—cos x) |
X

Question 10:

X

X' +x"+a+a’ for some fixed 4> 0and x>0

Answer

Lety=x"+x"+a +a"

Also.letx" =w. x" =v. @’ =w, anda” =5

SLyV=utv+wts

_ dy _ du . dv N dw N s {]}
de  dy dv ode dx

H=x

= logu =log x*

= logu =xlogx

Differentiating both sides with respect to x, we obtain

-%{sinx— cos x)
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| e d d
=lpax- x)+x- log x
e cx g dx{ ] dx{‘ ex)
i 1
= —=u|logx-1+x-—
el x
i . ¥
==X [log x+1]=x*(1+logx) -(2)
e
V= ,r':'l
v d o,
n—=—f|x )
dv oy
dv i
= =ax"” 3
dx [ ]
w=ua

= logw=loga’
= logw=xloga

Differentiating both sides with respect to x, we obtain

1 dw o
——=loga-—(x
Wy & dx( }
dw
= —=wloga
dx
dw .
= — =g loe g
. —a'loga (4)
s=a°

Since a is constant, a° is also a constant.

s
— =1 5
- dx (5)

From (1), (2), (3), (4), and (5), we obtain
dy _

- x"(1+logx)+ax™" +a" loga+0
de

=x"(1+logx)+ax"" +a" loga
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x' ;+[.T—3JI . for r=3

Answer
Lety= x4 (x-3 }T:

Also, letu = v andv :{x—?r}'l-
L V=HEY

Differentiating both sides with respect to x, we obtain
v du  dv
dy_du dv (1)

de  dv oy

u=x""

s logu = Iﬂg(x‘: ")
logu = {:cz - 3} log x

Differentiating with respect to x, we obtain

1 du d o 3 d
;-E:Ingx-a{x'—3]+(r‘—3}-a(]ugx}

1 du .
ﬁﬁﬁzlﬂgx-ix+{x‘ —..‘.r}'

du oa Xt =3
=—=X { +2xlngx}

M | =

dx X
Also,
p=(x-3)"
~logv=log(x —3]”:
= logv = x" log(x-3)

Differentiating both sides with respect to x, we obtain
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I_.ﬂz Ing[x—_?}-%(x:}-*-x: -%[Ing(x—ﬂ]

v iy

1 dv 5 o

Lav _1). [P PP
:;’vdx log(x—3)-2x+x 3 dx[x )

dv x
= =v|2xlog(x-3)+ -1
dx [ g( } x=3 }

=P (x3) l%+3xlog[x—3}J

-
bey dv
—Mand—]I

Substituting the expressions of i dx jn equation (1), we obtain

2

Y_ }{x-_3+2x10gx]+[x—3}x:[ * 3+2x10g(x—3}}
x X =

dx
Question 12:

Q }leg(]—CﬂSf}*.T:|U{I—Si]‘1!}*—£iI{E
Find d¥ , if 2 2
Answer

It is given that, y=12(1-cost),x=10(7 —sin¢)

% = %[H}(r—sinf}]=I{]-%{r—sinr] =10(1-cost)

%:%[Iz{l—cusr]]: 12-%{1 ~cost)=12:-[0—(=sinr)|=12sint

[@] 12-2sin - cos -
cdv L 12sin¢ eSS EOSS g
— = = = = = =—cof—

Vv (dx) 10(1-cost) g2t 5 2
dt 2

Question 13:

aﬁ.‘

FindE, if y=sin"'x+sinyl1-x", -1=2x<1

Answer
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It is given that, y =sin ' x+sin ' 1-x*

d—“" = i[sin "x+sin 'yl —x?}

dv  dx
dy_d gy d( o T
o (s.m 'c) - e (sm l—x )

y__1 1] i(] ‘f')
de 1y x 2f1-x dx
dy 1 1
Dol L (ay
dx ».n'[]—x‘ 2.1‘."{]—1"
1]
de  J1-x* J1-¥
22 g
dx
Question 14:
Iy + vl x :U, for, =1 < x <1, prove that
dy !
de (1+x)
Answer

It is given that,

I+ y+3Jl+x =0
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= x4+ y= —yvfm
Squaring both sides, we obtain
¥ (1+4y) =y (1+x)

= +xy=y +x’

=x -y =x’ -2y

= x? —_]f'z = xy(_v—x:}

= (x+y)(x—y)=xv(y—x)
SX+ Y =Xy

:>{l+ x] y=—x

:';:J.r:

(I+x}

Differentiating both sides with respect to x, we obtain

Y1)
ary__(]+x}%[""}_x%{l+x)__(l+x]—.‘~: 1

dx (1+x) T () (1)

Hence, proved.

Question 15:
If{r_a} Hy=b) = , for some ¢~ 0, prove that
dv 32 3
I+( -
\ dx
ﬂ'J_].J
dx’ is a constant independent of @ and b.
Answer
It is given thatl{"'_a:i "‘{J-‘—e‘)} =

Differentiating both sides with respect to x, we obtain
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i[[x—ﬂ}j+;|:(}’—h}:}::;{:c:}
:E(I_fj}rc ‘(x—u]+2(v—h} d (v—h]zﬂ

=2(x-a)-1+2(y-5)-% =0
k9

faj:_—(:c—a]
N -0
&y _d[--a)
U’ de| y-b
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(3-0) 4 (x-a)~(x-a) L (v-1)
(v-b)

(r-6)-(-a)-2
(v-b)

_{T_b}—fx—g}{_[x_a}}

y=b

- . [Llsing (l}]

Y +{.r—a]: (y=b) +(x—a)
]+[4];J [] {}’—f’]:] =[ (v=b) }
o ‘[[}'_b]l+[x‘”f} {{}J_b)ﬁ{x-af]

- (v-b) (v-b)
:Lf-h}:] __ -0y
C(v-b) (b)Y

= —¢, which is constant and is independent of o and b

Hence, proved.

Question 16:

dv cos’(a+y)
f CO8y T cos(a Jr-""}’with cosa # tl, prove thata ~ sina
Answer
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It is given that, cos vy = xms(cH y]

o 1. d
. E[msy]—a[xms(a+y}]

- dy d d |
==siny—- =ms{a+y)-E{x]+x-;[ms(a+”]

}

= —sin J‘Ej = C'JS{H+_V1|+I-[—Sin[u+ }}]%
iy

= [xsin[a+ y]—sin_v]% =cos{a+y) (1)
) cos

Since cos y=xcos(a+ v), x=
ince cos y =xcos(a+y), x cos(a+y)

Then, equation (1) reduces to

COos y

-sin{a+ y)-siny b _ cos(a+y)
cos(a+y) dx

= [cos y-sin(a+y)—siny-cos(a +_v}:|~ j—‘]’ =cos” (a+y)
e

= 5in[a+_];—y)% :C{)s:{a+h]

dy cos’ {a + h}
dx  sina

Hence, proved.

Question 17:
d’y

x=al(cost+1sint) find dv
) \

v=al(sint—rtcost)

If and

Answer
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It is given that, x = a(cos s +tsint) and y = a(sins —f cost)

cx d (cost +1sinr)

So—=d—
et dt
) ) d d ..
=al| —sinr+sint-—(1)+1-—(sint)
dx df
=a[—sim+sinr+:cos:]=af cos !
E

d, .
=a-—(sinf —rcost
v )

= alms:—{cosr-%{r}ﬂ*%{msuﬂ

=a[ms:—{ccsr—rsinr}] = aisint

)
) di dt _ at sint _

dt

s = tan s
dx (d_TJ al cost
dt
Then, & Y = i[ﬁj = i{tam)= sect -4
dx” dxl dx o dx
2 |:d.x clt 1 :|
=sec — =galcosf = —=
ar cost et dx  arcost
_sec IJJq:f-:E
ar 2
Question 18:

. I -
If"'r {t] —|.r| , show that J {x}exists for all real x, and find it.

Answer
x, ifx=0
M=1_% ifx<0
It is known that, o
£ |
=l =

Therefore, when x = 0, f {x}

In this case, J I[x}zj":_and hence, f"(x)=6x

3

When x < 0, _f'{x}:|x|] =[—x}] ——x
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In this case, /'(x)= _j‘t_and hence, I"(x)

Thus, for"Ilr {t} =|.r| , J {I}exists for all real x and is given by,

f'"{} bx, ifx=0
PAIEY 6 ifx <0

d {x"} =nx""

Using mathematical induction prove that dlx for all positive integers n.

Answer

To prove: P(n): %{x” ) =nx"" for all positive integers n
dx

~P(n) is trueforn =1

Let P(k) is true for some positive integer k.

I’|'[:Fc}:i
That is, dx

It has to be proved that P(k + 1) is also true.

{_r* } = k"

: d k+l d k
Consider dx(x )_ = (x-x ]
.
dx dx
=x* 1+x-k-x*
=x" + kot
=(k+1)-x"

= (k+1)-a

=x". d (x)+x- d {x"] [By applying product rule]
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Thus, P(k + 1) is true whenever P (k) is true.
Therefore, by the principle of mathematical induction, the statement P(n) is true for
every positive integer n.

Hence, proved.

Using the fact that sin (A + B) = sin A cos B + cos A sin B and the differentiation, obtain
the sum formula for cosines.

Answer
sin( A+ B)=sin Acos B +cos Asin B

Differentiating both sides with respect to x, we obtain

d [sin(A+B)]= d (sinAcos B)+ d (cos Asin B)

ax cdx cfx

= cos(A+ B)- d (A+B)=cosB- fi{sin A)+sin A-i(cnﬁﬂ}

'

+sin B- :; (cos A)+cos ‘fi--i(sin B)

v f
= uos{.-1+b’}-i{;1+ B)=cos B-cos A4 sin A(—sin !3)ﬁ
dx dx dx
+sin B(—sin A)- A +cos Acos B di
dx dx
=5 cos( A H}-|:fm I dﬁ}:{ccm:fmmﬁ sin Asin H]-|:£M | db
dy de x|
s.cos( A+ B) = cos Acos B —sin Asin B
£(x) g(x) h(x) (5 () W)
dv
v=| I i " T: [ (] ]
dx
a b c a b ¢
If , prove that
Answer
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y=| | i H
& b fa
= y=(mc—nb) f(x)-(lc-na)g(x)+(lb—ma)h(x)

Then, r.ir = i_[[:nc—nb}f{x]]— [(lc-na)g( ]+ [ (16— ma)h(x)]
=(mc—nb) f'(x)~(lc—na)g'(x)+(Ib—ma)h’ {x
f'(x) g'(x) #(x)

= | I} 7
a h c
£(x) e'(x) w()
dy
—=| | m "
dx
Thus a b ¢
Question 23:

dy _dv
aeos” x I - X" ] '} —_———— a"_}l = {}
If¥=° ’_lixil,show that dlx’ dx

Answer

(FREEL

It is given that,” = ¢
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Taking logarithm on both the sides, we obtain

log y=acos 'xloge
log y=acos ™' x

Differentiating both sides with respect to x, we obtain

L
v dx 1-x*
__—
de -y
By squaring both the sides, we obtain
42
dx - x*

(I—xz][%]_ - oy

Again differentiating both sides with respect to x. we obtain

(&) -1t (2) |- 2
(2] (=) L3 o

dx dy? dx
[ ] 2x}+1— ) %

PPN
b (1-0)L dy
2 (1- . D so
+H(1-x) z =y b

{l— ]i‘y x?—a}r 0

Hence, proved.
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