Class XI Chapter 8 — Binomial Theorem Maths

NCERT Miscellaneous Solutions

Find a, b and n in the expansion of (a + b)" if the first three terms of the expansion are
729, 7290 and 30375, respectively.
Answer

It is known that (r + 1) term, (7,+1), in the binomial expansion of (a + b)" is given by

— “Crﬂ“_r hr

Ir-rI

The first three terms of the expansion are given as 729, 7290, and 30375 respectively.

Therefore, we obtain

T ="Cam b =a" =729 (1)

'I': _ n{‘.?.an b =na"'b = 7290 {2}
) ... nfn-=1 -

'I'_: =" {_.':.';1“ “b- =—{ 5 ]u" “h” =30375 {?]

Dividing (2) by (1), we obtain

na™'b 7290
a" 729
nb
—=11 4
: (4

Dividing (3) by (2), we obtain
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n{n—1)a"’b" 30375
2na""'b 7290
(n—1)b 30375

— —

2a 7290
(n=1)b  30375x2 25
— = -
a 7290 3

a 3 3

From (4) and (5), we obtain

n-—=10

5
3
=n==0

Substituting n = 6 in equation (1), we obtain

a® =729
—=a=4720=3

From (5), we obtain
b
3

5
== =h=5
3

Thus,a=3,b=5,and n = 6.

Find a if the coefficients of x*> and x> in the expansion of (3 + ax)® are equal.
Answer

It is known that (r + 1) term, (T,+1), in the binomial expansion of (a + b)" is given by

— :I(".‘ra“—rl_,r

Ir-rl

Assuming that x? occurs in the (r + 1) term in the expansion of (3 + ax)°, we obtain

T (3) "a'x'

r+l

=7C,(3) (ax) ="C

Comparing the indices of x in x% and in T,, 1, we obtain
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r=2

Thus, the coefficient of x? is

'C,(3) 7 at = —(3) a® =36(3) a®
; 217

Assuming that x* occurs in the (k + 1) term in the expansion of (3 + ax)°, we obtain

L

T, ="C(3) " (ax) ="C, (3) " a'x"
Comparing the indices of x in x> and in T, 1, we obtain
k=3
Thus, the coefficient of x> is
. -3 Q!
U - B 3
. a =
(3) 316!
It is given that the coefficients of x? and x> are the same.
84(3)"a’ =36(3) a’
= Bda =36x3
. 36x3 104
R4 hE

(3)"a’ =84(3)"a’

0
=5 =—
-

9
Thus, the required value of a is T,

Find the coefficient of x> in the product (1 + 2x)® (1 - x)” using binomial theorem.
Answer

Using Binomial Theorem, the expressions, (1 + 2x)® and (1 - x)’, can be expanded as
(1+2x)" = °C, + “C,(2x)+°C, (2x) + “C, (2x) +°C, (2x)’
FOC, (2x) +°C, (2x)
= 1+6(2x)+15(2x) +20(2x) +15(2x)" +6(2x) +(2x)°

=1+ 12x+60x" + 1602 +240x* +192x° + 642"
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(1-x)" =7C, = "C, (x)+7C, (x) = "C.(x) +7C, ()
70 (x) +7C, (x) =7C, (x)
=1-Tx+21x" =35 +35x* 210" +7x" —x”
~(1+2x) (1-x)
= (14120 +60x7 +160x" +240x" +192x7 +64x" (1= Tx+ 218" =350 +35x7 21" +7x" —x7)
The complete multiplication of the two brackets is not required to be carried out. Only

those terms, which involve x>, are required.

The terms containing x° are
(=217 )+ (12) (352" )+ (607 ) (=35x" )+ (160" )( 2127 )+ (2400 ) (=) + (192x7 ) (1)
=171y’

Thus, the coefficient of x” in the given product is 171.

If a and b are distinct integers, prove that a — b is a factor of a" - b", whenever n is a
positive integer.

[Hint: write 8" = (@ - b + b)" and expand]

Answer

In order to prove that (a — b) is a factor of (3" — b"), it has to be proved that

a" - b" = k (a - b), where k is some natural number

It can be written that, a=a-b + b

Lat=(a-b +h]h = [{r.r —b)+ th"
="C (a—b) +"C (a—b)" b+ _+"C,_ (a—b)b"" +"Cb"
= {{'.l - -'.5} +"C, {fil' —.!'r]”_l
=a'=b"=(a-b) (a-b)"+"C,(a=b) " b+.+°C, b |

b+.+"C, _(a—b)b" ' b

=a' b =k(a-b)
where, k = [{sr ~B) " +7C (a-b) b+ .+"C b“"} is a natural number

-1

This shows that (a - b) is a factor of (&” - b"), where n is a positive integer.
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Question 5:
[} 1
(V3 +3) -(V3-+3)
Evaluate / .
Answer
Firstly, the expression (a + b)® - (a - b)® is simplified by using Binomial Theorem.

This can be done as

{a+b]r'

"C,a"+"Ca’b+"C,a’'h’ +"C.a’d’ +"Ca’b’+ "Caa't’ +°Cb°
=a"+6a’b+15a'b’ +20a’b’ +15a’b"' + 6ab” +b"

(a-b)" ="Ca"-"Ca’b+"C.a'b’—"C,a’d’ + "C,a’b* - "C.a'b’ + °C,b°
=a"—6a’b+15a’b’ —=20a’b’ +15a°b" —6ab” +b"

s(a+b) —(a-b)" =2[6a’b+20a’b’ +6ab’ |

Putting a = J3 and b=+/2. we obtain

(3 432) ~(V3-+2) =2{6(5) (2} 20(45) (+2) +6(5)(+2] |

=2[ 546 +1206 + 2416 |

=2x198V6

=396./6

Question 6:
4 4
(a3+w.fa’—l) +(a’— az—l]
Find the value of £,

Answer

Firstly, the expression (x + y)* + (x - y)* is simplified by using Binomial Theorem.

This can be done as
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{?{+ }.)* o xt+ 4(:'13{':3.'-# 4C:.\LJ}’: n 4(?13}',3 + 4C43_.4
=x'+ 4:{5}' + f}x:}f: +dxy + }'J'

(x-y)' ='Cx' = *Cx'y+ ' CxX 7y = Coxy' + ' Cy*
=x Ay oxTy —dxy' 4y

S(x +}-‘}4 +(x —}-‘}4 = 2(,\"‘ +OXTY 4y J)

Putting x =a" and y =+/a” —1. we obtain

o) o ) ) o) (70 ()
:2[:,1“ +6a'(a’ ~1)+(a° —I):}

=2[a-“ +6a" —6a +at-2at+ 1]
= E[EIH +6a" —S5a'—2a’ + l]

=2a"+12a" —10a' —4a° +2

Question 7:

Find an approximation of (0.99)° using the first three terms of its expansion.
Answer

0.99 =1-0.01

~(0.99) =(1-0.01)’
=3C, (1) ¢, () (0.01)+°C, (1) (0.01) (Approximately)
=1-5(0.01)+10(0.01)°
=1-0.05+0.001
=1.001-0.05
= 0951

Thus, the value of (0.99)° is approximately 0.951.

Question 8:
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Find n, if the ratio of the fifth term from the beginning to the fifth term from the end in

~.n'r_+—J 1:.\,:5

the expansion of *

Answer

(a+b) ="C,a"+"Ca"'b+"C,a" b +..+"C,_ab""' +"C b"

4

In the expansion,

Fifth term from the beginning ="Ca"b’
_ g, A1, n—i
Fifth term from the end C,.a’b
Ilr 1
42+
4
Therefore, it is evident that in the expansion of \ V3 4, the fifth term from the
e, (3) (L) e ()]

“(2) @ () |5

beginning is " N2 and the fifth term from the end is * /

i 1Y (42)" 2) n! .
"c,({2) [' 1¥2) -':“r:'( )1 —({2) (1)

4F|‘ [.@-}' 30 2 3 04l n-4)
' H’E}J 3 6n! I

="C_,2-——= o (2)

i '_ + J “
C||||{ [4_q| =y 1 Ly _4|4| i
A (N (T R (0
It is given that the ratio of the fifth term from the beginning to the fifth term from the

end is x"{g:l . Therefore, from (1) and (2), we obtain
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n! i on! _ | _Je
—4}'[“& “(n—4)14! (43) Vo1

=6t =67
n 3
= —=—
4 2

5
=n=4x=—=10
~

Thus, the value of n is 10.

( 2
l+§—i] k=D
Expand using Binomial Theorem *

Answer

Using Binomial Theorem, the given expression * 2 X can be expanded as
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5] eli3) G eli3) () el

I Y WA .
= I+l] —4[]+i] (l 6] 14 x 4 [d] c1|1 ]{£]+I—{:
L 2 2 X 4 i x 20 x ) x
x) 8( x) 24 24 _ 32 16 16
=1+ J —-—| 1+ J sttt
L 2 X 2 X X XN X
4 1
X B x & 24 3216
= I+l] ——(I+l] +—~+—+ﬁ—j—+—: (1)
L 2 X 2 XX XX

Again by using Binomial Theorem, we obtain

[1+§]J C, (1) +*c (1) [2 Ly L—J + [%j]iﬁc,["

rd

3 4
X X

=1+4x- +|[‘;><\L +dw—4
2 4 8 16
2 3 4
T SO S . -(2)
2 2 16
AN 1 g X x Y
l+— | ="C (1) + C (I }+ C, l(— —
(3] e e (F)renF)«e(3)
I xS x
S PELNELANRS .(3)
2 4 8

From (1), (2), and (3), we obtain

i 4 3%
oxt o ox' o8 3 3 X 8 24 32 16
=1+2x+ ot — =1 i R
22 16 xi 2 4 8B x° x X' X
- 1 -
X ox' 8 8 24 32 16
=142+ X"+ —+ ——— =12 X"+ S+ —+b-—+—
2 16 x XX X X
16 & 32 16 X x?
=—t -+t G-+ —+—+—-
XN X X 2 2 16

Question 10:
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[\3:-:“ —Zax+la”]'

Find the expansion of using binomial theorem.

Answer

3x* —2ax+3a°)
Using Binomial Theorem, the given expression ( ]

[[3.\':—2&:\']+Bn:];

can be expanded as

'€, (3x% ~2ax) +°C, (3x - 2ax) " (3a%)+ °C, (3x7 - 2ax) (3a%) +°C, (3a7)

(3x* - 2ax) +3(9x" ~12ax + 4a’x" ) (3a°) + 3(3x7 — 2ax)(9a*) + 272"

= (3x7—2ax) +8la’x* ~108a’x" +36a’x” +8la’x’ ~Sda’x +27a"

= (3x% = 2ax) +8la’x* ~108a’x’ +117a"x" - S4a°x + 27a° (1)
Again by using Binomial Theorem, we obtain

(5" -2m)

= ¢, (3x°) = C, (3x7) (2ax)+ ¢, (3x°) (2ax) - °C, (2ax)’

27x" - 3(9x")(2ax) +3(3x7 ) (4a’x" ) - 8a'x’

=27x" - 54ax” +36a"x" -8a'x’ |

]
L

From (1) and (2), we obtain

I[_’m: ~2ax +333)
=27x" = 54ax” +36a°x" —8a'x +8la'x’ —108a'x  +117a'x" —54a’x +27a"

=27x" —5dax” +117a x = 116a'x" +117a*x" —=54a'x +27a"
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