Class XII Chapter 9 - Differential Equations Maths

For each of the differential equations given below, indicate its order and degree (if

defined).

u’ Vs, | " dy ] 6y = log.x
(i) e oy
EAa —4[£] +7y=sinx
(ii) L 6{1].1'; \-flh'_ ’
4., i 3 1 \I
{il —sin ”r—" =0
aGii)y W
Answer

(i) The differential equation is given as:

d'v _ (dv
—+5x| — | —6y=logx
dv” dx

:>”I-'El+5.1-‘[£] —by—logx=

dx” dx
d’y
The highest order derivative present in the differential equation is d’ . Thus, its order is
d'y
two. The highest power raised to di’ is one. Hence, its degree is one.
(i) The differential equation is given as:
|ij—1\| —4[%] +T7y=sinx
(dy v Y

SBEE
| dx i

+T7y—sinx=0
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dy
The highest order derivative present in the differential equation is dx Thus, its order is
dy

one. The highest power raised to d¥ is three. Hence, its degree is three.

(iii) The differential equation is given as:

d'y . r.‘flj-' \

——S8In| —

dx | dx )

=0

d’y
The highest order derivative present in the differential equation is d’ . Thus, its order is
four.

However, the given differential equation is not a polynomial equation. Hence, its degree
is not defined.

For each of the exercises given below, verify that the given function (implicit or explicit)

is a solution of the corresponding differential equation.

: Vo A dy :
yv=ae +he™ +x° : X d : 2% —xy+x —=2=10
0) ax dy
y=e" [.:fcm;.r +hsinx) : {f-'zl -2 b F2y=10
(i) dx” alx
¥ =xsin3x : a;! +0p—6eosix=10
(iii) dx
' =2y"logy : [_\': + 1HJ£ ~xy=0
(iv) el
Answer

(i) v =g +he™” +.‘L':

Differentiating both sides with respect to x, we get:

dv . -
= —=qg¢ —he " +2x
dr
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Again, differentiating both sides with respect to x, we get:
d’y

—=ge' +he™ +2
d’r..

dy d’y

Now, on substituting the values of dx and dx" in the differential equation, we get:
L.H.5.

dv ; 5
1—1' —~2i—x;-'+x' -2

dx” fiky
= :r(r:e" +he™ 4+ 2} + 2(({3’" —he™ + 2_1.'} — _r(ae i he 4 x° )+ x'=2
= (u.\‘{*" +hyve "+ 2.r] +(2r:€v —2he™ + -l.r)—(u.ri*" +hye T+ .r")+ ¥ =2
=2qe" —2be" +x* +6x-2
= ()

= L.H.S. # R.H.S.

Hence, the given function is not a solution of the corresponding differential equation.
iy * " (acosx+hsinx)=ae’ cosx+be" sinx

Differentiating both sides with respect to x, we get:

dy

- =g- d {L*"" cnss.‘r)+h~i{.e‘ .‘iinx}
oy iy dx ’

:}T{l =;..r{'¢*" cosx—e’ sin .r]+h~{cf‘ sinx+e¢ cnss‘)
X :

v .
= TL =(a+b)e" cosx +{h —a)e’ sinx
ax

Again, differentiating both sides with respect to x, we get:
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-

i’% :{cr+b]-%[e” cm‘,x]+[h—ﬂ};—i(e"ﬂin1‘)

= l:r;1 = {a + .FJ}- [t*” CcosxY—g" 8in x:|+ (.FJ - a][e” SN X +e” cos _\;:I

= d_'fl =¢'[(a+b)(cosx—sinx)+(b—a)(sinx+cosx) ]|
frhw

= u:_'t =g [.-;.rmsx —asinx+hcosx—hsinx+hsinx+bcosx—asinx— acos.r]
ax

= :Ir: - [EUT (bcosx—asin \}]

ﬂ’:y a’_}
Now, on substituting the values of v’ and ¥ in the L.H.S. of the given differential
equation, we get:
dy . dy

—— 4242y
v ax

=2e" (bcosx—asinx)-2e’ I:[a +b)cosx+(b—a)sin x} +2e" (acosx+bsinx)

| (2bcosx—2asinx)~(2acosx+2bcos x)
=¥

—(2bsinx - 2asinx)+(2acosx +2bsinx)
=e" [{Eh ~2a-2b+2a)cos .1'] +e” [{ -2a-2b+2a+ Zh]sin_\']
=0
Hence, the given function is a solution of the corresponding differential equation.
(iii) V'~ xsin 3x
Differentiating both sides with respect to x, we get:
dy _d

=—(xsin3x)=sin3x+x-cos3x-3
de

v
= Y_ sin3x + 3xcos3x
dr

Again, differentiating both sides with respect to x, we get:
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dy d,. . | .
—=—(sin3x)+3—(xcos3x)
dvt ey clx
d*y .
— =3cos3x+3| cosdx+x(—sin3x)-3
fri 7 JI: } [ } :I
= d—l =beos 3y —9xsin3x

v
d’y
Substituting the value of dx" in the L.H.S. of the given differential equation, we get:

d—{+‘)_}'—ﬁc053x

dx”
=(6-cos3x—9xsin3x)+9xsin3x—6c0s3x
=0

Hence, the given function is a solution of the corresponding differential equation.
(iV) X = 2)*" IDg }"

Differentiating both sides with respect to x, we get:

2x=2. % = {y"' Iﬂg_v-l

dy o 1 dy
= x=|2y-logy-—+y ——
T odx v dx

v
—x=(2y log y+y)
dx
de  y(14 Elng_ﬁ‘}
ﬁ

Substituting the value of d¥ in the L.H.S. of the given differential equation, we get:
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[1.1 + r"]ﬁ—u
o
={2_]"1 11)g_\'+}-'1}-;—.1j'
¥(1+2logy)

=y (1+2logy) ——————xy

A+ 2logy) e )
=Xy -y
=0

Hence, the given function is a solution of the corresponding differential equation.

Form the differential equation representing the family of curves given by

x—a) +2y° =d’ . .
l: } - where a is an arbitrary constant.

Answer

{.\'—a}: +2y =a

= x +a -2ax+2y' =a’

=2y =2ax-x’ (1)
Differentiating with respect to x, we get:

dy  2a-2x

2y—=
Ty 2
ﬂ _a-x
dv 2y
:>ﬂ _ Qv —2x° {2}
dx 4xy

From equation (1), we get:
2ax=2y" +x°
On substituting this value in equation (3), we get:

dv 2y% +x7 - 2x°

dx dxy
dy 27 —x°
dx dxy
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dv 2y —x
4xy )

Hence, the differential equation of the family of curves is given as dx

-

vy =Xt 4y
’ ( : ] is the general solution of differential

Prove that

(x" =307 v =y =32y )dy

equation , Where c is a parameter.

Answer

{;,r" —3x” ]dx =(»"=3x"y)dy

dy  x'-3x°
dv v =3xy

This is a homogeneous equation. To simplify it, we need to make the substitution as:

V=¥
bl o

= —|y)=—wx
)=o)
dy v

= —pdyr—
dr o

dv

Substituting the values of y and dx in equation (1), we get:

oy X =3 vx)’

il [111_1(]i -3y [1‘_1']
dv 1-3"
= V+X = —
dv v =3v
dv 1-37°
== X—=— -y
de v =3v
d'l.- ]_31-'3 —1-'[1'3_31']
= X—= —
v v =3
dav 3 -y
Tde vi=3v
{ —3 ) ) i
(Y3
1—v" X
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Integrating both sides, we get:

I(‘;__I:"]fﬁ':]nngngC' -(2)

v =3 )

( 1 viav velv
Now, dv = -3
JL - /.| JI—TJ j]—v*
£ ™ 1
¥ =3y vy vely
= =1 =31, where ! = and /[, =
J‘Ll—qu‘ S ' -[I—q'J : II—r*
Let1—v' =1
e ot
1) =5
fﬁ'{ } dh
::’—a'-hr-"—ﬂ
v
:;,-,1'*m-:_ﬂ
4
—dlt |
Now. /= |—=——logr=——log{l-+"
=1, : g(1=v")
And. ] =J-m’1 =_[ vdv :
= o)
Letv = p.
i( :]_ﬂ:”
Tt T
:t>2||—ﬁ
dv
:t’vch':ﬁ
2
1 ] 1 ] 1+v7
:;»L:—I dp‘= log +p|:_10g H‘
P2d-p 2x2 Cli-p| 4 |1y

Substituting the values of I; and I, in equation (3), we get:

v = 3w ] - Wy 3
J.[ - }cﬁ ——Ilog[l—v ]—Elog

v

Therefore, equation (2) becomes:
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-
-

%Iug(l - ) ~—log

1+v* N
~ =logx+logC

/ -t
J—%]{:g (I—v*][ i | 1: | =logC'x
; ==y
3yt
14
= Elﬂ!i: =(Cx)*
—y
I
)
J:I v Voo
X

1

— {xz _1'1)= C- {.1:3 | _1=1]_
=xi-yt= L’(f + } . where C ="

Hence, the given result is proved.

Form the differential equation of the family of circles in the first quadrant which touch

the coordinate axes.

Answer

The equation of a circle in the first quadrant with centre (a, a) and radius (a) which

touches the coordinate axes is:

{x—a}:-i-{y—a}::a: (1)
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YJI.

wlet @l

Differentiating equation (1) with respect to x, we get:
v
2{_1:—a}+2[_1-'—a]i: 0

dx
= (x—a)+(y-a)y'=0
= x—a+y —ay'=0
= x+pn' —a(l+))=0

x+ '
1+

= a=

Substituting the value of a in equation (1), we get:
. Ir". : - F 2 i . :r :
.1.‘—[ X+ 1 | + oy X +_‘If'|r | X + _ljr
1+ "|,"l . I 1+ ¥ 1+ ¥
(x=y)»' [ [y=x ’ x+ ’
= + =
(1+) 1+ ' 14y
= (x- ,‘"}: Y (x- J‘}j =(x+ j-:u"}:

= (- yy 160 = (x4 29)

A

Hence, the required differential equation of the family of circles is

'.‘ 4

[.1.- —_j-']] [] +{y'}'} = [:\. +Jj_‘r}
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dv 1=y
v \I_" ~0
Find the general solution of the differential equation dx I-x
Answer
L' ||l - L
1"1 1-x
v’l -
= = 1
dx 1-x°
. dv  —dx
“||II_J."1 \JIII—.T:‘
Integrating both sides, we get:
sin” y=—sin"'x+C
= sin 'x+sin” y=C
dy Vv +y+l 3
¥4+l

Show that the general solution of the differential equation dx

(x+y+1)=A(1l-x-y-2xy), where A is parameter

Answer

dv ¥ +y+l

de x +x+1
e .1’: + ¥ +1

_dr_ ()

=0

dx x+l
v —d
= =—
¥+yr+l 2 +x+l
dy dlx

=0

ya+v+l x+x+l1

Integrating both sides, we get:

is given by
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dy d .
J‘ +I.r:+fc+I:(

v+ y+l
= I fﬁ? 2 +j f‘{l- r — 2 :C
[_1’+1 +{ﬁ] [.r+l] +[ V- ]
2, 2 2) | 2
L 1
- | v+ - | x4+
= ——lan~ = |+ —=1lan" = |=C
3 NERN N E) J3
L 2 2
R 2»+1}+m“_[2;.+1}=£c
LB V3 2
[ 2‘>+|+2,‘C+|
— tan” 3 3 [_\3C
] (2y+1) (2x+1) 2
. V3B
I 2x+2y+2
aC
= tan ' V3 Vac

1_[4.1’_]-‘+2.1’+2_1-'+|\' - 2
s )

- an i ExE{.T+_v+I} ]=J5[3

3-4xy-2x-2y-1 2

s

— tan

a.u'E[x+y+I] e
2(1-x-y-20) | 2
\fﬁ(,r+.1'+l] =tan[

E[I —x—vy-2xy)

ey

s
—

I

] = B, where B= tan[ J;L ]
N
:,‘vr+r+1—23(l vy —2xv)

5
= x+y+1=A4(1-x—y—2xy), where A==

] B3

Hence, the given result is proved.
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{

Find the equation of the curve passing through the point L

equation is, SN xcos yilv +cos xsin ydy =0

Answer
The differential equation of the given curve is:
sin x cos vdv + cos xsin pdy =0

§in x cos yex +cos xsin ydy 0

COS X COS ¥

=> tan xdx + tan ydy =0
Integrating both sides, we get:
log(secx)+log(secy)=1logC

log (secx-secy)=logC

= secx-secy=C (1)

{ '

=8

J/

0,
The curve passes through point L
~lxy2=C
= C=42

On substituting C:‘"E in equation (1), we get:

secx-sec y =2
=2

=g 1= R
Cos ¥

(7]

cCx

J2

= COS ¥ =

g
cos y =

Hence, the required equation of the curve is

™
T
0,—
4) whose differential
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Find the particular solution of the differential equation

{I"‘E‘-’ur}ﬂ{l-""(] +.1__--}@T(il:'l|‘ = ﬂ, given that y =1 When X = O

Answer
(147 )dv+(1+ 7 )e'dr =0

dy L© dx

2 =0
I+y l+e

Integrating both sides, we get:

tan ' y+ Lii‘ =C (1)

Ix

=1,

lete" =t=¢

= il{e*}=£

ax o

=e' =—
dx

= e'dy =i
Substituting these values in equation (1), we get:

. dt
tan ':L-'+j -=C
I+t

= tan y+tan 't=C

= tan 'y +tan”' (n ]:C' «(2)

Now, y = 1 at x = 0.
Therefore, equation (2) becomes:

tan ' l+tan'1=C
:ﬂtnzlf?
4 4
::.~lf.‘=:II
2

o
C=—
Substituting 2in equation (2), we get:
1

- -1 x T
tan”' v+ tan {e }:—
) )=5
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This is the required particular solution of the given differential equation.

x i x

xe’ + ]ﬂj-‘l[y =0)

ye'dv =
Solve the differential equation -

Answer

ye'dx = [xe-"' + ]f{l-‘

X

o S,
= ye =xe' +)°

Mﬂ (1)

Differentiating it with respect to y, we get:

d| = d=z
— —_—
™)y

. ff[,x“‘ dz
e 22
.]'-

dy dy
dx
= |V dy - dz
= | —m [=— (2
‘ e dv { }

From equation (1) and equation (2), we get:
&,

dy
= dz = dy

Integrating both sides, we get:
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z=y+C

= e’ =y+C

(x— ."'j{"h"" dy) = dx—dy , given that

Find a particular solution of the differential equation
y =-1,when x =0 (Hint: put x -y = t)

Answer

(x—y)(dx+dy)=dx—dy

= (x—y+1)dv=(1-x+y)dx

. ﬂ: l-x+y

dv x—y+1

b 1)) ()

dr  1+(x-y)
Letx—v=r
o et
= x—y)=
u".t‘[ ») el
adv ot
= ]-—=
ax oy
ax oy

dv

Substituting the values of x - y and dx in equation (1), we get:
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. dt -t
de 1+t
dr [I—r)
= —=]- —
dx \|+f,l
l+t)—{1-t
_di_(1+0)-(1-1)
friy 1+¢
ﬂ_ 2t
de 1+t

::»[ljjaf.f:.?riv
!

:;»[H%]d.r:hﬁr -(2)

Integrating both sides, we get:

f=2x+C

f+log

:>{x—_1']+]ug|.‘r—_1'|:2x+(:

Td
e

= log|x—y|=x+y+C ]

Now, y = -1 at x = 0.
Therefore, equation (3) becomes:
logl1=0-1+C

>C=1

Substituting C = 1 in equation (3) we get:

log|x—y[=x+y+I

This is the required particular solution of the given differential equation.

2l

e y

Solve the differential equation [

Answer

N

|

dr
ey

I{x#0)
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[_;]Lzl
\.-'I; \"T dy
ey
de  Jx Jx
_dv oy e
de Jx o Wx

This equation is a linear differential equation of the form

27
dy 1 g
—+ Py=0,where P=— and 0 = )
" N N
1
Pl |_':'l". 4 f
Now, LF = ¢l _ oI =

The general solution of the given differential equation is given by,
y(LF.)= [(QxLF.)dx+C

Iz

27 e 2Jx .
= et = J-( e ]a{r+(.
b, NII; 4

— yelt = J‘L\I‘,— dr+C
X

= yﬁ’:"l‘ = 2\'";+ C

v
2 F vcot x = dxcosec x{x =3 ﬂ]

Find a particular solution of the differential equation dx ,
x=—

given that y = 0 when 2

Answer

The given differential equation is:

ay
Y 4 veot x = dxcosec x

dx

This equation is a linear differential equation of the form
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dy
=+ py =), where p =cot x and { = 4x cosec x.
dx
. [.‘ln'.'l il xilx koelsin .
Now, LF=¢’ = rI =e¢ " =sinx

The general solution of the given differential equation is given by,
y(LE.)= [(QxLF.)dx+C

= ysinx = _[( 4xcosec x-sinx)dx+C

= ysinx =4 Ix dx +C

. X
= ysinx=4-—+C

= ysinx=2x"+C (1)

T
y=0atx=—.
Now, 2

Therefore, equation (1) becomes:

0=2x"4C
4

Substituting 2 in equation (1), we get:
: 5 T
vsinx=2x" -

This is the required particular solution of the given differential equation.

x+1)==—=2e" =1
Find a particular solution of the differential equation ~dy , given thaty =0
when x =0
Answer
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dy .
(x+1) 2L =27 -1
ey
dv dx
e’ =1 x+1
e'dv  dx
—_ = - =
22— x+l

Integrating both sides, we get:

—=log x+l|+]ug(—.' 1)

¥

2—e
Let2-¢&" =1
i . it
2-e"|=
ddy ( } dy
£
dy

= e'dt = —dli

T

= —e' =

Substituting this value in equation (1), we get:

—dr _ log|x+1+logC
f

Cx+1)
= Iﬂg‘(—f{x + ]}|

= —loglt| = log

= - ]ng|2 -’
l

2—e

= =C(x+1)

. 1
=2-eg'=—_ 2
C(I-I-l) { }
Now, at x = 0 and y = 0, equation (2) becomes:

=2 1=l1
C

=C=1

Substituting C = 1 in equation (2), we get:
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.
v+1
\ |
e =2-
x+1
2x+2-1
e =
x+1
2x+1
= e =
x+1
2x+1 -
= y=log (x#-1)
x+1

This is the required particular solution of the given differential equation.

The population of a village increases continuously at the rate proportional to the number
of its inhabitants present at any time. If the population of the village was 20000 in 1999
and 25000 in the year 2004, what will be the population of the village in 2009?

Answer

Let the population at any instant (t) be y.

It is given that the rate of increase of population is proportional to the number of

inhabitants at any instant.

dy
Sy
dr
dy . |
= —=ky (k is a constant }
of
Ty
— i = kdt

)
Integrating both sides, we get:

logy =kt + C.. (1)

In the year 1999, t = 0 and y = 20000.
Therefore, we get:

log 20000 = C ... (2)

In the year 2004, t = 5 and y = 25000.

Therefore, we get:
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log25000=%-5+C
= log 25000 = 5k + log 20000

25000 3
= 5k = 10g[ 50000 ] = Ing[iJ

k ]| /—5] {1]
= =—10 I
5 gl.\4 ’

In the year 2009, t = 10 years.

Now, on substituting the values of t, k, and C in equation (1), we get:

5
lj+ log (20000)
4

lﬂg}-‘—]ﬂxl_log
5

=logy= Iogllﬂﬂﬂﬂx(zl }

= y= Zﬂﬂﬂﬂxixi

= y=31250

Hence, the population of the village in 2009 will be 31250.

vdx—xdy
The general solution of the differential equation ¥

A.xy =C

B. x = Cy?
C.y=Cx
D.y = Cx?
Answer

The given differential equation is:

valx —xdy 0
.]'I
vidx — xdy
= — =

xy

0

is
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Integrating both sides, we get:

log|x| - log|y| = log k

= log|—|=logk
y
X
=>—=k
|.ll
I
= y=—X
k

= y=Cx where C = .:

Hence, the correct answer is C.

£+ Px=0Q,

The general solution of a differential equation of the type dy is

_1'¢>J‘|"":" = [[ng""'fr :d_'L' +C

n e v |
_1--eft = J-[Q.t'ﬁ Jf.l’ﬁ:+ C

A.

B.
L i 'y "|
.'l.‘c?'[i Y = ﬂ (‘}.c-?fi ! dy +C
C. L /
ol { . Nl j -
xe J-J = ﬂ Qe Ii ’ |r-l':\‘+{_.'
D. \, d
Answer

dx . By
—+Px=01s e-[ .

The integrating factor of the given differential equation 4
The general solution of the differential equation is given by,

x(LF)= [(QxLE.)dy+C
= x-e Jrs _ﬂr Q,Uj'”"b. \|u_'v+ C

Hence, the correct answer is C.
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The general solution of the differential equation
A.xe’ +x*=C

B. xe’ + y?

C. ye* + x*

C
C
D.ye’ + x> =C

Answer

The given differential equation is:

e*dy +(ye* +2x)dr =0

iR .
= i+ ve' +2x =10
de
Il:’;l'.
== i+_1'= —2xe"
dx

This is a linear differential equation of the form

f?l +Py=0.where P=1and 0 =-2xe™".
dx
Now, I.LF {_J_I-”-"‘ i-"llh e

The general solution of the given differential equation is given by,
v(LF.) ﬁQxLEhh+C

= ye' = I{ —2xe™" -L"']c.{r+ C

= ye' =— !’.".r dv+C

= ye' =—x"+C

= ye' +x° =C

Hence, the correct answer is C.

e'dy + (.rc** + Z.Y}cl':l.‘ =0

IS
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