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Class XII : Maths
Chapter 11 : Three Dimensional Geometry

Questions and Solutions | Exercise 11.1 - NCERT Books

Question 1:

If a line makes angles 90°, 135°, 45° with x, y and z-axes respectively, find its direction
cosines.

Answer

Let direction cosines of the line be /, m, and n.

=cos90%=10

m=cosl35%=—

|
J2
1
n=cosds"=—
2

1
(), ———. and —.
Therefore, the direction cosines of the line are ‘E \'E

Question 2:

Find the direction cosines of a line which makes equal angles with the coordinate axes.
Answer

Let the direction cosines of the line make an angle a with each of the coordinate axes.

~l=cosa, m=cosa,n=cosa

Fam+n =1
=08 408 dcos a=1

= 3cos @ =1

. 1
—C0s @ =—
3

= Ccosa =+

&
G?||“
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Thus, the direction cosines of the line, which is equally inclined to the coordinate axes,

| |
+—.,+—, and +

1
we B

If a line has the direction ratios —18, 12, —4, then what are its direction cosines?
Answer

If a line has direction ratios of —18, 12, and —4, then its direction cosines are

18 12 4
JA18) +(12) 4 (4) (=18 = (12) 4 (~4) {(~18) +(12)" +(~4)
15 12 4
22 22 22
9 6 2
11 11 |
i~£*mm—2

Thus, the direction cosines are I 1l I

Show that the points (2, 3, 4), (-1, -2, 1), (5, 8, 7) are collinear.

Answer

The given points are A (2, 3,4),B(— 1, —2,1),and C (5, 8, 7).

It is known that the direction ratios of line joining the points, (xi1, y1, Z1) and (X3, y2, Z2),
are given by, X — X3, y» — y1, and z, — z;.

The direction ratios of AB are (-1 — 2), (-2 — 3),and (1 — 4) i.e., —3, =5, and —3.
The direction ratios of BCare (5 — (- 1)), (8 = (= 2)),and (7 — 1) i.e., 6, 10, and 6.

It can be seen that the direction ratios of BC are —2 times that of AB i.e., they are
proportional.

Therefore, AB is parallel to BC. Since point B is common to both AB and BC, points A, B,

and C are collinear.

Class X1l MATH www.esaral.com 2
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Question 5:

Find the direction cosines of the sides of the triangle whose vertices are (3, 5, — 4), (—
1,1,2)and (- 5,-5, - 2)

Answer

The vertices of AABC are A (3,5, -4),B (-1, 1, 2), and C (-5, -5, =-2).

A3 5 -4)

B C
-1,1,2) (5. -5.-2)

The direction ratios of side AB are (-1 — 3), (1 — 5), and (2 — (—4)) i.e., —4, —4, and 6.

Then,[(-4)" +(—4)" +(6) =V16+16+36

=68
=217
Therefore, the direction cosines of AB are
-4 -4 6
Yy + a} (Y () ()" (4 (4 +(6)
-4 4
2177 20177 Nl?
-2 -2 3
NEANTEANT

The direction ratios of BC are (-5 - (-1)), (-5 -1),and (-2 — 2) i.e., -4, —6, and —4.

Therefore, the direction cosines of BC are

-4 —6 _ -4
JA) +(=6) +(—4) () +(=6) +(—4) {(4) +(-6) +(-4)
-4 -6 4
217720177 2017

The direction ratios of CA are (-5 - 3), (-5 - 5),and (-2 — (—4)) i.e., =8, —10, and 2.

Therefore, the direction cosines of AC are

-8 -5 2
JB)Y +(10) +(2)° J(=8) +(10) +(2)' J(=8) +(10) +(2)’
-8 =10 2

INITRSNITRENIT)
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Class XII : Maths
Chapter 11 : Three Dimensional Geometry

Questions and Solutions | Exercise 11.2 - NCERT Books

Question 1:
Show that the three lines with direction cosines
12344123 3 412
137137137137137137 1371313 are mutually perpendicular.
Answer
Two lines with direction cosines, /1, my, n; and /,, m,, n,, are perpendicular to each
other, if 1L, + mym, + n1n, = 0
12 -3 -4 4 12 3

(i) For the lines with direction cosines, 13713713 and 13713713 , we obtain

12 4 (=31 12 (4% 3
L +mm, +nn, =—x—+ ><—+[ Jx—

13713 \13) 13 13 ) 13
48 36 12
T169 169 169
—0

Therefore, the lines are perpendicular.
4 12 3 3 412

(ii) For the lines with direction cosines, 13713713 and 13713713 , we obtain

4 3 12 [—4] 312
L +mm, +nn, =—x—+—x| — |+

x — X —
13713 13 (13) 1313
_12 48 36
169 169 169

=)
Therefore, the lines are perpendicular.
3 412 12 -3 -4

(iii) For the lines with direction cosines, 13713713 and 13713713 , we obtain

Class X1l MATH www.esaral.com 4
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3 (12 =ay (=3Y (12 [ -4
L+ mm, +nn, =[ x[ + xt + :-c[
) ) SOV L3 13 ) L3 ) V13 ) L3

36 12 48

= + -
169 169 169
=1
Therefore, the lines are perpendicular.

Thus, all the lines are mutually perpendicular.

Show that the line through the points (1, —1, 2) (3, 4, —2) is perpendicular to the line
through the points (0, 3, 2) and (3, 5, 6).

Answer

Let AB be the line joining the points, (1, —1, 2) and (3, 4, — 2), and CD be the line
joining the points, (0, 3, 2) and (3, 5, 6).

The direction ratios, a;, by, ¢c;, of ABare (3 - 1), (4 — (-1)),and (-2 - 2)i.e., 2, 5, and
-4,

The direction ratios, a,, b,, ¢, of CD are (3 — 0), (5 — 3), and (6 —-2) i.e., 3, 2, and 4.
AB and CD will be perpendicular to each other, if a;a, + bib,+ ¢ci1c; = 0

aia, + bibr+cicb=2x3+5%x2+(—4)x4

=6+ 10 - 16

=0

Therefore, AB and CD are perpendicular to each other.

Show that the line through the points (4, 7, 8) (2, 3, 4) is parallel to the line through the
points (-1, -2, 1), (1, 2, 5).

Answer

Let AB be the line through the points, (4, 7, 8) and (2, 3, 4), and CD be the line through
the points, (-1, =2, 1) and (1, 2, 5).

The directions ratios, a{, by, c;, of ABare (2 - 4), (3 -7),and (4 — 8) i.e., -2, —4, and
-4,

The direction ratios, a,, by, ¢, of CD are (1 — (-1)), (2 — (=2)),and (5 - 1) i.e., 2, 4,
and 4.

Class X1l MATH www.esaral.com 5
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a b ¢
AB will be parallel to CD, if ﬂ__

a _-2_

a, 2

b,_—4__1

a’rj_ 4

o _—t_

o, 4
a_h_a
i, b0

Thus, AB is parallel to CD.

Question 4:
Find the equation of the line which passes through the point (1, 2, 3) and is parallel to

the vector3j +2 j— 2k .
Answer
It is given that the line passes through the point A (1, 2, 3). Therefore, the position

vector through A is a=i+2j+3k
b=3+2]-2k
It is known that the line which passes through point A and parallel to bis given by

F=d+ab, where 2o o constant.
= F=i+2]+3k+4(3+2]-2k)

This is the required equation of the line.
Question 5:
Find the equation of the line in vector and in Cartesian form that passes through the

point with position vector 2:"—_;+4-{:and is in the direction i + 2_}'—!2: .
Answer
It is given that the line passes through the point with position vector

Class X1l MATH www.esaral.com 6
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G=2i—]+4k (1)

b=i+2]-k .(2)

It is known that a line through a point with position vector d and parallel to b is given by
the equation, ' =@+ Ab

:>F=2r7—j+44{:+2(f+2f—§)

This is the required equation of the line in vector form.

Fo=xi—yj+zk

= xi—y+zk=(A+2)i +(2A-1) ] +(-A+4)k

Eliminating A, we obtain the Cartesian form equation as

x-2 y+l z-4
1 2 -1

This is the required equation of the given line in Cartesian form.

Question 6:
Find the Cartesian equation of the line which passes through the point

x+3 y-4 z+38

(=2, 4, —5) and parallel to the line given by 3 5 6
Answer
It is given that the line passes through the point (-2, 4, —5) and is parallel to

x+3 y-4 z+8

3 5 6
x+3 y-4 z+38
The direction ratios of the line, 3 - 5 - 6 ,are 3,5, and 6.
x+3 y-4 z+8
The required line is parallel to 3 - 5 - 6

Therefore, its direction ratios are 3k, 5k, and 6k, where k # 0
It is known that the equation of the line through the point (x;, y1, z1) and with direction
X—x V-1 I-ZI

ratios, a, b, c, is given by - =
a b ¢

Class X1l MATH www.esaral.com 7
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Therefore the equation of the required line is

x+2 yv-4 z45

3k S5k 6k
x+2 yv—4 z+5
p— = - = = :f[
3 5 i)

Question 7:

The Cartesian equation of a line is 2 (i 2 Write its vector form.
Answer
The Cartesian equation of the line is
x=5 y+4 z-6
== = . {1}
3 7 2

The given line passes through the point (5, —4, 6). The position vector of this point is

d=5i—4]+6k
Also, the direction ratios of the given line are 3, 7, and 2.

This means that the line is in the direction of vector, b=3i+77+2k

It is known that the line through position vector @and in the direction of the vector  is
given by the equation, | = a+Aib,AeR

= F = (57— 4] +6k)+2(37 +7]+2k)

This is the required equation of the given line in vector form.

Class X1l MATH www.esaral.com 8
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Question 8:
Find the angle between the following pairs of lines:
0 F:25—5_}+é+3(3f—2j+af)and

;=TJ?—E!£+;I[E+2}+2£}

(if) r=3i+j-2k+A(i - j-2k)and
;=2f?—j—56£+y(3f—jj—4ﬁf]

Answer

(i) Let Q be the angle between the given lines.

cos 0 = [== —

; |

YT,
d b,=i+2j+2k

The angle between the given pairs of lines is given by, '|

b =3i+27+6k
The given lines are parallel to the vectors, by=3i+2j+6k an

respectively.

w|B| =32 6 =7

b= (1) +(2) +(2) =3
b -b, =[35+2_}+6£]~(?+3_E+2£)
=3x1+2x24+6x2

=3+4+12
=19

Class X1l MATH www.esaral.com 9
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19
Tx3

AT
= (J=cos [21]

(ii) The given lines are parallel to the vectors, by=i=j=2k g =354k ,
respectively.

=JB[=(0) + (1) +(-2) =6
JB) +(=5) +(~4)" =50 =512

= cosQ=

=3+5+8
=16
b, - b,
cns{_)=|_'|_'|
1|~2
cosO= 16 16 16

V652 2B52 1043
8
:Ncr:rsQ:m

= (0 =cos’'

Ed

Question 9:

Find the angle between the following pairs of lines:

=2 ' — =43 P -
x=2_) I:_+:andx+2:_1 4_z-5
(i) 2 5 -3 -1 ) 4
X y =z x=5 y-2 =z-3
—==="and = =
Ggip 2 2 1 4 1 8

i. Answer

Class X1l MATH www.esaral.com
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ii. Let b and b, be the vectors parallel to the pair of lines,

x=2 y-=1 z+3
== = and
2 5 -3 -1 8 4 | respectively.

x+2 y-4 z-5

by =20457 -3k b=~ +8]+4k

b -b, :[25+5.}—3ﬁ’;]-(—5+8_}+4f2)
=2(-1)+5x8+(-3)-4
=-2+40-12
=26
The angle, Q, between the given pair of lines is given by the relation,

| Bib
2 [)

= m:rs,Q—i
938

= 0 =cos” [i]
938

(i) Let by.b, be the vectors parallel to the given pair of lines, 2

x-5 y-5 z-3

4 I 8 , respectively.

Class X1l MATH www.esaral.com 11
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4’;, =2f+2_}'+£
b, =4i + j+8k

,-.|E,|:\/{:}J+(2]1+{1}: =J9=3

bo| =\ 118" =BT =9

b -b, ={2f+2_}'+£§)-(4f+_}'+ Ek")
=2x4+2x1+1x8

=8+2+8
=18

cos 0 = |2

If Q is the angle between the given pair of lines, then

= cos = 18 _2

.

Ix9 3

. (2
={=cos | —
0=cos'(3)

Question 10:

l-x 7y=14 =z-3
Find the values of p so the line 3 ~

3 T
T-Tx y=5 6-:z

3p I 5 areat right angles.
Answer

The given equations can be written in the standard form as
x=1_ y=2 z-=3 x=1 _ y=5 z-6
3 2p 2 -3p 1 -5

7 and 7

2p =3p | 5
The direction ratios of the lines are -3, 7 , 2 and 7 1 respectively.

Two lines with direction ratios, a;, by, ¢; and a,, b,, ¢, are perpendicular to each other, if
aia, + bib,+cic;=0

Class XII MATH

www.esaral.com 12
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S (=3ph (2p B
-3 + — [(1)+2:(=5)=0
35 )+ T W+2(=)
P 2Py
77
= 11p="T0
70
P=_"

70

Thus, the value of pis 1! .

Question 13:
X3 _y2_z x_y_z
Show that the lines 7 - =2 - l'and | 1 2 - 3 are perpendicular to each other.
Answer
x-5 _y+2 =z xX_y_z
The equations of the given lines are 7 5 1 and ! 2 3

The direction ratios of the given lines are 7, =5, 1 and 1, 2, 3 respectively.
Two lines with direction ratios, ai, by, ¢; and a,, by, ¢, are perpendicular to each other, if

aia, + bl bz + Ci1Cr = 0

#7x1+(-5)%x2+1x3

=7-10+3
=0

Therefore, the given lines are perpendicular to each other.

Question 14:

Find the shortest distance between the lines
::=[f+ 2|}+ﬁ:]+2[f—j+kﬂ)and

;:Ef—j—£+;t(2f+_}+2£)

Class X1l MATH www.esaral.com 13
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Answer

The equations of the given lines are
;:[f+2j+ﬁ?]+l[f—j+£)

;=2;—_}—£+;;(Zf+_}'+2k‘)

It is known that the shortest distance between the lines,
given by,

(5 x5.)-(az - as )
pxi] | ~(1)

o =

Comparing the given equations, we obtain

f+2_}'+.{T

¥

b=l I T = o B ¥
1] il Il

B, 2

+ [ el
ey

+ 1 &

%]

o il

|
[ i o

byxh, =(-2-1)i =(2-2) j+(1+2)k = -3 + 3k
=[5, xby| = (-3) +(3) =VO+9 =18 =32

Substituting all the values in equation (1), we obtain

Class X1l MATH www.esaral.com
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(—3F+3;E_]-[f—3j—2x2)

d =
W2

-3.1+3(-2)

= =
32

-9
= =

‘:w’i

33

Therefore, the shortest distance between the two lines is 2 units.

Question 11:

Find the shortest distance between the lines il = Al = Bt and Lant =2 _,)5 =2 !

Answer 7 -6 I I ) 1
x+1 y+1 z+l1 x-3 y-5 z-7

The given linesare 7 6 1 and 1 -2 1

It is known that the shortest distance between the two lines,

X-X _V-h _I-% and =% YoV, _zI75
a by € a b, 2, is given by,
X, X, - Z,=Z,
a, b, €
. a, b, c, (1)

J{ he, = b, lI: + [c',a: —C,d, }: + (ﬂ,h: —a.h, }

Comparing the given equations, we obtain

Class X1l MATH www.esaral.com 15
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a =7, b=-6,¢=I
.11‘: _3', j":_ﬁ, :_}_?

a,=1, b=-2 ¢, =1
X, — X, Vo=V -z |4 t 8
Then,| g, b, ¢, |=|7 =6 I
a, b, <, I -2 I
=4(-6+2)-6(7-1)+8(-14+6)
=-16-36-64
=-116

T 5 5

= ,f{h,c'z —he )+ (¢, —ca, Y + (b, —ayh ) = ‘,"I{—ﬁ +2) + (1+7) +(-14+6)
=/16+36+064
=116
=229

Substituting all the values in equation (1), we obtain

116 -58  -2x29
=2 -2 ~ 229
RN RN TN

Since distance is always non-negative, the distance between the given lines is

2@ units.

Question 14:
Find the shortest distance between the lines whose vector equations are

r=(i+2j+3k)+ A(7 -3] +26)
and :4?+5j+ﬁ£+;:[2£+3_;+£]
Answer

:=f+2_}'+3£+}.(f—3}+2§] r=4i+5]+6k +,u[lf+3j'+ﬁf]

The given lines are and

It is known that the shortest distance between the lines,

given by,

Class X1l MATH www.esaral.com
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(5 x5.)-(a2-as )| n

d = ——
b x5 ‘
Comparing the given equations with F=a+Aab, and " ~ % +’“bl, we obtain
G =i+2j+3k
bo=i-3j+2k

-

a> =4i +5}+6£
E: = 2f+3_}'+ﬁ;
ar—an = (4 +5] +6k ) (i +2]+3k) =3 +3]+3k

=(-3-6)i —(1-4) j+(3+6)k =97 + 3]+ %

)
i v )

= fﬁ,xﬁ:|=\f[—9}:+{3]:+[ﬁ}]: =J81+9+81=171=3J19

{ﬁ, xﬁ_,](fu —{_h}=(—9;+3_}+9|ﬁ::}-(3f+3_;+3ﬁ:)

=-0x3+3x3+9x3

=9
Substituting all the values in equation (1), we obtain
J- 9 1 3
319 V19

3
Therefore, the shortest distance between the two given lines is f1g units.

Question 15:
Find the shortest distance between the lines whose vector equations are

F=(1=t)i+(r=2)j+(3-2¢)kand
F=(s+1)i+(2s=1) f—(25 +1)k

Answer

The given lines are

Class X1l MATH www.esaral.com
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r=(1=0)i +(r=2)j+(3-2)k
:>r:={:f—2_f+3ﬁ;]+.r{—f+_f—2ﬁ;] (1)

r=(s+1)i+(2s=1) j—(2s +1)k

:::-;::[f—_hf)+.s-(f+2_}—2f§) -(2)
It is known that the shortest distance between the lines, F=a+ib, and " T + pb, , is
given by,
bxB)-(as-as),
1 F
d = ( : ( _ ) [1]
]|

For the given equations,

a =i-2]+3k

bi=—i+j—-2k

f;: ZJ':—_;—r{E

br=i42j-2k

ar —a =(F—}—k‘)—{.;—2_}+3§) =_}—41"€"

i ; k

xb,=-1 1 —2|=(-2+4)i-(2+2) j+(-2-1)k =2/ -4j -3k

I 2 -2

:¢ax54=Jﬁf+L4n¥4—ﬂ:=44+m+u= 29

.:Uﬁxa){d;—QJ=[2?—4}—3£}[}—4£)=—4+|2=8
Substituting all the values in equation (3), we obtain

d =

8| 8
5l

8
Therefore, the shortest distance between the lines is V29 units.
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Class XII : Maths
Chapter 11 : Three Dimensional Geometry

Questions and Solutions | Miscellaneous Exercise 11 - NCERT Books

Find the angle between the lines whose direction ratios are a, b, cand b — ¢,
c—a,a-—b.

Answer

The angle Q between the lines with direction cosines, a, b, cand b — ¢, ¢ — a,

a — b, is given by,

alb—c)+b(c—a)+c(a—b) ‘

c0sQ = e )
Ja' +bht et + \/[b— ¢) +(c—a) +(a-b)
= cos()=1

= =cos ' ()
= () =90°

Thus, the angle between the lines is 90°.

Find the equation of a line parallel to x-axis and passing through the origin.

Answer

The line parallel to x-axis and passing through the origin is x-axis itself.

Let A be a point on x-axis. Therefore, the coordinates of A are given by (a, 0, 0), where
aceR.

Direction ratios of OAare (a — 0) =a, 0,0
The equation of OA is given by,
x—0 y-0 =z-0
a 0 0
L X_y_z_
1 0 0

Thus, the equation of line parallel to x-axis and passing through origin is

a

X y =z

10 0
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Question 3:

x=1_y=-2 =z-3 x=1_ y=1_ z-6
If the lines —3 - 2k B 2 and 3k B I B =5 are perpendicular, find the value
of k.
Answer
x-1_ y-2 =z-3 x=1 _ y-1_ z-6
The direction of ratios of the lines, -3 2% 2 and 3k 1 -5 , are =3,

2k, 2 and 3k, 1, —5 respectively.
It is known that two lines with direction ratios, a;, b1, ¢; and a,, b, c;, are
perpendicular, if a;a, + bib, + ¢cic; = 0

3{3k} e 2{ 5]={}
= -9k +2k-10=0
= Tk=-10
=k :_—ID

7

10
Therefore, fork = —7 , the given lines are perpendicular to each other.
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Question 4:
Find the shortest distance between lines 7 =6i +2j + 2%k + Ji(f— 27+ H’)
and 7 = —4f—;5+;:(3f—2j—2§).

Answer

The given lines are

Fzm‘+2_}'+2f£+A(f-z_hzé] (1)
F=—4F—§+p(3£—2j—2£) -(2)
It is known that the shortest distance between two lines, F=a+ab and " T +ab, , is

given by

b oxh, )-(d, —d,
,_|5x5)@ }| 6

]

. r=d,+Ab and ¥ =a, + Ab,
Comparing < ‘

to equations (1) and (2), we obtain

G =6 +2j+2k
bo=i-2j+2k
d, =4 —k

b,=3i —2j-2k

= G, —d, (—4?—£)—(6F+2_}+2£) 107 -2/ -3k
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; X
= b x b =] 22 2 |=(4+4)i—(-2-6) j+(-246)k =8 + 8] + 4k
3 2 22

4

BB = J(8) +(8) +(4) =12
(B By)-(d ~ ) = (87 +8)+4k)-(~10 -2~ 3k) = -80 16~ 12 =108
Substituting all the values in equation (1), we obtain
:‘—ms
12

Therefore, the shortest distance between the two given lines is 9 units.

Question 5:
Find the vector equation of the line passing through the point (1, 2, — 4) and
x-8 y+19 =z-10

perpendicular to the two lines: 3 -6

x=15 y-29 =z-5
8 -5

and

Answer

5 b=bi+b,j+bk

Let the required line be parallel to the vector * given by,
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E=r?+2.f—4kﬁ

The position vector of the point (1, 2, — 4) is
The equation of the line passing through (1, 2, —4) and parallel to vector b is

F=d+Ab
— F(f+ 2_;"—4£]+f?-(h|;+h:.;+bﬂ'£}

(1)

The equations of the lines are

¥—8 y+19 z-10 "
3 -6 7 ~(2)
x=15 yp=-29 :z-5 -
== = .
3 8 -5 { }
Line (1) and line (2) are perpendicular to each other.
(%)

2 3b —16b,+7h, =0
Also, line (1) and line (3) are perpendicular to each other.

(5)

2 3b +8b, =5b, =0
From equations (4) and (5), we obtain
b, - b, o h,
(—16)(-5)-8x7  Tx3-3(-5) 3x8-3(-16)
b b, b
24 36 72
b, _b
3 6

b
2

~Direction ratios of ? are 2, 3, and 6.

bh=2i+3]+6k

Substituting b=2i+3)+6k in equation (1), we obtain

F=[f+2j—4£]+2[2€+3}+6£]

This is the equation of the required line.
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